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Abstract

The pessimistic bias and the cross-sectional dispersion of households’ subjective beliefs heighten
during recessions. We provide empirical evidence for a dominant non-inflationary aggregate demand
shock that accounts for the bulk of business-cycle fluctuations not only in real quantities but also in (1)
pessimism—to what degree households are more pessimistic than the rational expectation benchmark
and (2) disagreement—the cross-sectional dispersion of households’ beliefs. To rationalize the
empirical findings, this paper develops a theory of ambiguity-driven business cycles, where the
Bayesian formulation of the ambiguity shock can generate positive co-movements across real
quantities together with counter-cyclical pessimism and disagreement within the real business-cycle
framework. Our theory reproduces the salient features of the business cycles extended with survey
data on households’ expectations. Quantitatively, the ambiguity shock alone accounts for a significant
fraction of the business-cycle fluctuations in pessimism, disagreement, and real quantities. (JEL: E32,
E13, D8)

1. Introduction

When forming expectations about the outlook of the economy, households are more
pessimistic than what is implied by the rational expectations and they disagree with
each other. Using survey data on households’ expectations, we can empirically quantify
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FIGURE 1. Pessimism and disagreement over the business cycles. The figure plots pessimism (blue
line) and disagreement (red line) over the period of 1985:1-2017:IV. Panel (a) plots the raw time
series of pessimism (left-hand axis) and disagreement (right-hand axis). Panel (b) plots the cyclical
components of pessimism and disagreement, bandpass-filtered at frequencies of 6-32 quarters. The
correlation between pessimism and disagreement is 0.43 for the raw data and 0.50 for the band-pass
filtered data. Moreover, for the bandpass filtered data, the correlations of output with pessimism and
disagreement are —0.45 and —0.71, respectively. Shaded areas correspond to NBER recessions. Time
series of pessimism and disagreement are constructed following Bhandari, Borovicka, and Ho (2019).

(1) pessimism by the distance between households’ subjective beliefs and rational
expectations and (2) disagreement by the cross-sectional dispersion of households’
beliefs.! In the data, both two display a considerable amount of business-cycle
volatility and counter-cyclical fluctuations. Figure 1 plots the raw and the bandpass
filtered time-series of pessimism and disagreement over the period of 1985:1-2017:1V.
Recessions are times with heightened pessimism and disagreement among households.

The empirical relevancy of the business-cycle fluctuations in households’
subjective beliefs can be further explored by unveiling the dynamic co-movements
across pessimism, disagreement, and real quantities. We demonstrate that business
cycles admit a dominant non-inflationary aggregate demand shock, which can be
originated from business-cycle variations in pessimism and disagreement. This paper
proceeds to develop a theory of ambiguity-driven business cycles, in which a
Bayesian formulation of the ambiguity shock generates empirically relevant business-
cycle fluctuations and dynamic co-movements in pessimism, disagreement, and real
quantities. Quantitatively, the ambiguity shock serves as the dominant non-inflationary
aggregate demand shock in driving the business-cycle fluctuations not only in real
quantities but also pessimism and disagreement among households.

Empirical Analysis. We estimate a VAR on a set of macroeconomic variables, which
covers both real and nominal sides of the economy together with two additional
time series characterizing households’ subjective beliefs: (1) pessimism (P), which
measures to what extent households over-estimate unemployment rate in the next

1. Time series of pessimism and disagreement are constructed following Bhandari, Borovicka, and Ho
(2019).
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12 months relative to professional forecasters, and (2) disagreement (D), which
measures the cross-sectional dispersion of households’ beliefs on unemployment rate
in the next 12 months, over the period 1985:1-2017:1IV.

In our baseline specification, we identify an structural vector autoregression
(SVAR)-based shock that accounts for the maximum volatility in both pessimism (P)
and disagreement (D) and name it the PD shock. Over the business-cycle frequencies,
the identified PD shock explains about 70% of volatility in pessimism, about 60%
of volatility in disagreement, and about 40% of volatility in unemployment, output,
hours worked, and investment. The PD shock is disconnected from the long-run
variations in the data: it accounts for less than 10% volatility in all macroeconomic
variables, including pessimism and disagreement. Most importantly, the PD shock is
disconnected from either total factor productivity (TFP) or inflation at all frequencies:
it explains less than 5% volatility in TFP and inflation either in the short or in the long
run. Moreover, the impulse response functions (IRFs) of all variables to the identified
PD shock suggest that the PD shock produces non-inflationary demand-driven business
cycles: real quantities, including unemployment, output, hours worked, investment,
and consumption co-move positively without commensurate movements in TFP or
inflation. At the same time, the PD shock also gives rise to counter-cyclical pessimism
and disagreement. Similar pictures emerge when we identify an SVAR-based shock
that targets any one of the real quantities, including output, investment, hours worked,
and investment. The set of SVAR-based shocks is interchangeable in the sense that
they give rise to almost identical IRFs, highly correlated conditional time series, and
similar variance contributions.

Empirically, the data admit a dominant shock? that drives the bulk of the business-
cycle fluctuations not only for real quantities but also for pessimism and disagreement
among households. The dominant shock creates positive co-movements across real
quantities and counter-cyclical pessimism and disagreement. It accounts for little
volatility in the long run. Importantly, it is disconnected from either TFP or inflation
at all frequencies. In other words, macroeconomic data extended with survey data
on households’ expectations suggest the existence of a dominant non-inflationary
aggregate demand shock or propagation mechanism that drives the dynamic co-
movements and the bulk of the fluctuations among pessimism, disagreement, and real
quantities at the business-cycle frequencies.

A Theory of Ambiguity-Driven Business Cycles. We proceed to develop a theory
of ambiguity-driven business cycles to capture the above salient features of the
macroeconomic data extended with survey data on households’ expectations.

2. We follow Angeletos, Collard, and Dellas (2020) in interchanging shocks and propagation mechanisms
without loss of generality in the empirical analysis. When bringing the empirical findings to the theory, we
take a stance by interpreting the identified empirical object as an exogenous structural shock instead of the
common propagation mechanism of many other structural shocks. Section 3.3 discusses to what extent the
common-propagation-multiple-shock interpretation is (in)consistent with existing literature.
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Our theory deviates from rational expectations by the introduction of ambiguity
averse decision-makers (DMs) who perceive ambiguity’® about the aggregate
fundamental. With ambiguity averse preferences represented by the (recursive) smooth
model (Klibanoff, Marinacci, and Mukerji 2005, 2009), we provide a Bayesian
formulation of the ambiguity shock, which varies the amount of ambiguity perceived
by DMs without changing their preferences. More importantly, it enables our theory
to provide novel insights into the counter-cyclical co-movements in pessimism and
disagreement when coupled with incomplete information. Specifically, in response to
an adverse ambiguity shock that makes DMs more ambiguous about the set of possible
models in their priors, they behave as if they perceive that the aggregate fundamental
is weaker and more volatile. The former transforms into a deterioration in the degree
of households’ pessimism. The latter increases the reliance on private information
when agents form expectations since the quality of prior information gets worse, which
eventually transforms into a higher cross-sectional dispersion of beliefs, namely larger
disagreement. We call it the dual impacts of the ambiguity shock, which are at the core
of explaining the co-movements between pessimism and disagreement.

We embed this decision-making framework into an otherwise standard real
business-cycle (RBC) model* that features (a) aggregate demand externalities and
(b) incomplete information about aggregate fundamentals. We start with a static RBC
model that abstracts out capital accumulation and show that an adverse ambiguity
shock generates a recession with heightened pessimism and disagreement. At the core
of the result is the interplay between incomplete information and the dual impacts
of the ambiguity shock, which is analyzed through a game-theoretic interpretation of
the market equilibrium. The model features multiple islands differing in productivity
that consist of an aggregate and an idiosyncratic component. Local DMs, including
firms and workers, have perfect information about local productivity but incomplete
information about the aggregate productivity of the economy. When local DMs make
productive factors demand and supply decisions, they form expectations about the
aggregate productivity since it is the sufficient statistics of the demand or the terms
of trade for local commodities in the general equilibrium. Ambiguity averse DMs
possess ambiguity about aggregate productivity. Therefore, they are pessimistic about
the economy: they perceive models with weaker demand to be more likely than those
with stronger demand. In response to an adverse ambiguity shock, the local DMs
become more pessimistic about the demand for local commodities. As a consequence,
island production shrinks without any commensurate movement in factor productivity.
At the aggregate level, the economy plummets as if there had been a contractionary
aggregate demand shock. The ambiguity shock propagates as if it was the confidence
shock 4 la Angeletos, Collard, and Dellas (2018). Whereas, the ambiguity shock can
additionally induce empirically relevant counter-cyclical co-movements in pessimism
and disagreement.

3. According to Marinacci (2015), ambiguity refers to subjective uncertainty over probabilities due to
lack of ex-ante information to pin down a specific model for the economy in the course of decision-making.

4. The model can, otherwise, be regarded as the flexible price benchmark of the standard NK model.
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Finally, we quantitatively evaluate the impacts of the ambiguity shock through the
lens of a dynamic stochastic general equilibrium (DSGE) model that features a rich
set of “bells-and-whistles”, including habit formation, investment adjustment cost,
and variable capital utilization, but with flexible prices. The ambiguity shock in the
DSGE model serves as the theoretical counterpart to the empirically identified PD
shock, which can be justified by the fact that the ambiguity shock is the only type of
shock that can generate positive co-movements in pessimism and disagreement. We
estimate the model by matching the IRFs of the PD shock and those of the ambiguity
shock. The estimated model successfully captures the dynamic co-movements in
pessimism, disagreement, and real quantities, which hinges on the nature of the
ambiguity shock being the non-inflationary aggregate demand shock. Moreover, our
quantitative DSGE model can reproduce the “interchangeability” as identified in our
empirical analysis. And the ambiguity shock alone captures most of the volatility
in pessimism, disagreement, and real quantities at the business-cycle frequencies. It
then implies that ambiguity shock resembles the dominant non-inflationary aggregate
demand shock identified in our empirical analysis. Our DSGE model successfully
reproduces the salient features in the macroeconomic data extended with survey data
on households’ expectations.

Contributions. Empirically, the paper contributes to the literature that studies
deviations from full-information rational expectations. We unveil the patterns of the
dynamic co-movements across macroeconomic quantities and households’ subjective
beliefs, providing evidence of the fact that households’ subjective beliefs have non-
trivial roles in driving the business cycles.

Theoretically, the paper contributes to the literature with a Bayesian formulation
of the ambiguity shock by embedding the smooth model of ambiguity into general
equilibrium macroeconomic models. The unique insight of our Bayesian formulation
of the ambiguity shock that cannot be shared with others is that: when coupled with
incomplete information, the ambiguity shock can explain business-cycle fluctuations
among pessimism, disagreement, and real quantities without relying on the new
Keynesian Phillips curve (NKPC) as the propagation mechanism.’

Layout. The rest of the paper is organized as follows. Section 2 reviews the literature.
Section 3 reports the empirical findings of our paper. Section 4 sets up the static model
without capital. Section 5 characterizes the equilibrium of the static model and studies
the impacts of the ambiguity shock. Section 6 demonstrates the quantitative potential of
our theory through the lens of an estimated DSGE model. Finally, Section 7 concludes
the paper.

5. Incomplete information is important because it breaks the Barro—King critique by moving labor
choices prior to the common knowledge of aggregate productivity as in Ilut and Saijo (2021) and
Angeletos and Lian (2021), which is the primary reason why ambiguity shock is capable of serving as
the dominant non-inflationary aggregate demand shock in driving business-cycle fluctuations and dynamic
co-movements among pessimism, disagreement, and real quantities, a certain feature of the data that has
been confirmed in our empirical analysis.
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2. Related Literature

The empirical analysis of the paper builds on the “multiple-cuts” strategies of
Angeletos, Collard, and Dellas (2020). In their paper, they find that data on
macroeconomic variables admits a dominant non-inflationary aggregate demand shock
to account for the bulk of the business-cycle fluctuations in real quantities, a certain
feature they call “anatomy”. We complement their findings by providing empirical
evidence suggesting that the “anatomy” can be linked to households’ subjective beliefs
characterized by pessimism and disagreement. We follow Bhandari, Borovicka, and
Ho (2019) in the construction of time series for pessimism and disagreement. In their
paper, the authors construct the same set of time series not only for unemployment
rate forecasts but also for inflation forecasts and focus on the dynamic co-movements
across the pessimism or belief wedges in unemployment and inflation. Our paper
complements their empirical findings by providing additional evidence on the dynamic
co-movement patterns across pessimism, disagreement, and real quantities.

Our paper is closely related to Ilut and Schneider (2014) and Bhandari, Borovicka,
and Ho (2019), both of which study the implications of ambiguity and ambiguity
aversion in developing an exotic shock that drives the business cycles. Our paper differs
from these two papers in a few respects. Ilut and Schneider (2014) use the multiple
priors preferences axiomatized by Gilboa and Schmeidler (1989) to model ambiguity
aversion, and the notion of the ambiguity shock is in a classical statistics fashion. Bhan-
dari, Borovicka, and Ho (2019) use the robust preference proposed by Hansen and Sar-
gent (2001a,b) and focus on time-varying concerns for model misspecification, which
can be understood as time-variations in the degree of ambiguity aversion. In our paper,
ambiguity averse preference is represented by the (recursive) smooth model of ambi-
guity axiomatized by Klibanoff, Marinacci, and Mukerji (2005, 2009) and the learning
process follows the smooth rule of updating proposed by Hanany and Klibanoff (2009)
to ensure dynamic consistency. Conceptually, our Bayesian formulation of ambiguity
shock differs from both works in the sense that it is a shock to the amount of ambiguity
rather than a shock to DMs’ taste for ambiguity (Bhandari, Borovicka, and Ho 2019)
or a mix of both (Ilut and Schneider 2014). Furthermore, in both of the two works, the
shocks of interest are formulated in the news- or noise-like fashion, which relies on the
NKPC as the propagation mechanism to generate positive co-movements across real
quantities. However, in our paper, the ambiguity shock propagates in a similar fashion
to the confidence shock, which generates demand-driven aggregate fluctuations with-
out nominal rigidity. Finally, Bhandari, Borovicka, and Ho (2019) provide no impli-
cations about variations in the cross-sectional dispersion of beliefs, or disagreement in
the terminology of our paper. Instead of considering disagreement for DMs within the
model, Ilut and Schneider (2014) focus on the disagreement across professional fore-
casters, who are agents outside the model. Ilut and Schneider (2014) treat the disagree-
ment across professional forecasters as the observable counterparts of the ambiguity
process and use it to discipline the variations in the ambiguity. In our paper, we provide
empirical evidence that the business-cycle variations in disagreement across house-
holds originate from ambiguity shock. Our theory then treats it as an endogenous vari-
able, whose business-cycle variations arise endogenously due to the ambiguity shock.
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Ilut and Saijo (2021) is an exception in the literature that studies the business-
cycle implications of ambiguity and ambiguity aversion. Instead of developing an
exotic shock based on ambiguity averse preference, the authors develop a theory,
where ambiguity aversion serves as an endogenous propagation mechanism of business
cycles. In principle, they can also generate demand-driven business cycles without
relying on NKPC as the propagation mechanism. From this perspective, the authors
provide an alternative framework for rationalizing the empirical findings of our paper.
In addition to interpreting our empirical findings as the result of an exotic structural
shock, it can also be interpreted as a common propagation mechanism of multiple
structural shocks. However, on the same methodological ground as Ilut and Schneider
(2014), there is no explanation for the business-cycle fluctuations of disagreement
across households, who are DMs within the model.®

Our paper connects to the theory of the confidence shock 4 la Angeletos and
La’O (2013), Angeletos, Collard, and Dellas (2018), Huo and Takayama (2015),
and Benhabib, Wang, and Wen (2015) in generating animal-spirit-like demand-driven
aggregate fluctuations. Even though the ambiguity shock propagates to fluctuations
in real quantities in a similar fashion to the confidence shock, in our theory, it
additionally creates empirically relevant counter-cyclical variations in pessimism and
disagreement. The latter is the unique feature of our theory when making a comparison
with the confidence shock literature. In a broader context, our paper is also related to
(a) the news shock literature, Beaudry and Portier (2004, 2006) and Jaimovich and
Rebelo (2009) and (b) the noise shock literature, Lorenzoni (2009), Barsky and Sims
(2012), and Blanchard, L’Huillier, and Lorenzoni (2013) in arguing that business
cycles are expectation-driven.

Counter-cyclical disagreement or cross-sectional dispersion of beliefs can
alternatively be explained by the uncertainty or risk shock literature. However,
either they cannot generate demand-driven business cycles (Bloom 2009 and Bloom
et al. 2018) or they provide no implications about the business-cycle fluctuations in
pessimism (Bloom 2009; Bloom et al. 2018; and Arellano, Bai, and Kehoe 2018). A
notable exception is Bidder and Smith (2012), in which the risk shock can generate
variations in pessimism and demand-driven fluctuations in real quantities when
households have robust preferences and Jaimovich—Rebelo-type utility. However, in
their paper, the bulk of the business-cycle fluctuations is due to the TFP shock. The
risk shock only explains a tiny amount of business-cycle fluctuations in the data, which
is inconsistent with our empirical findings.

Ambiguity averse preferences have been intensively used in the literature to
generate asymmetric responses of the economy to shocks in recessions or booms; see,
for example, Epstein and Schneider (2008), Ilut (2012), Ilut, Kehrig, and Schneider
(2018), Bagaee (2020), and Zhang (2022) in the context of multiple prior preferences
and Chen et al. (2022) in the context of smooth model. These works focus on ambiguity

6. Whereas, we acknowledge that Ilut and Saijo (2021) can provide an alternative interpretation of our
empirical results upon extending the framework with dispersed information. Section 3.3 provides a detailed
discussion.
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about the precisions of fundamentals or signals, which makes the economy respond
more strongly to shocks in recessions than in booms. In our paper, ambiguity is about
the mean of the fundamental, but the ambiguity shock itself is of second-moment.
Therefore, we also have the implication of counter-cyclical responses to the aggregate
productivity shock, though the reasoning is different. Finally, the role of ambiguity and
ambiguity aversion has also been studied in the asset pricing literature such as Ju and
Miao (2012), Bianchi, Ilut, and Schneider (2017), and Collard et al. (2018).

Finally, our paper also relates to the theory of the beauty contest (Morris and Shin
2002; Angeletos and Pavan 2007) and those works study coordination games with
model uncertainty (Chen, Lu, and Suen 2016 and Chen and Suen 2016).

3. The Empirical Analysis

This section conducts an empirical analysis to highlight the empirical relevancy of the
business-cycle variations in pessimism and disagreement.

3.1. Data and Method

Our empirical analysis extends that in Angeletos, Collard, and Dellas (2020) with
two additional macroeconomic time series that measure pessimism and disagreement
respectively, both of which are constructed in the same way as in Bhandari, Borovicka,
and Ho (2019). Specifically, we measure pessimism (P) by the gap between the
average of households’ year-ahead unemployment rate forecasts from the Michigan
Survey of Consumers and its counterparts in the Survey of Professional Forecasters,
which proxies the rational expectation benchmark. At the same time, we measure
disagreement (D) by the cross-sectional dispersion of the households’ year-ahead
unemployment rate forecasts.” Therefore, in our specification, the data consists of
twelve macroeconomic variables: real gross domestic product (GDP) per capita (Y);
investment (I); consumption (C); hours worked per person (h); unemployment rate
(UNEMP); the labor productivity (Y/h); the level of utilization-adjusted TFP; the labor
share (wh/Y); the inflation rate (7); the federal funds rate (R); pessimism (P); and
Disagreement (D), ranging from 1985:1I to 2017:1V.® Details of definitions and sources
of data can be found in Online Appendix B. In what follows, we briefly discuss the
empirical strategy used in our identification, which has been extensively discussed in
Angeletos, Collard, and Dellas (2020).
We start by estimating a vector autoregression (VAR) of the form:

A(L)X, = v,,

7. See Online Appendix C of Bhandari, Borovicka, and Ho (2019) for the details in the construction of
these two measures.

8. We have access to the survey data in the Michigan Survey of Consumer from 1982:1. We drop the first
three years because disagreement seems to have decreased systematically ever since around 1985, which
corresponds to the start of the Great Moderation. Note that our empirical results are robust to the current
sample selection. The same image appears even if we start from 1982:1.
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where X, corresponds to the data matrix described above and A(L) = f:o AL
is the matrix polynomials in the lag-operator L with Ay = /. In our baseline
specification, the VAR is estimated in the Bayesian method with Minnesota prior and
the number of lags P is set to be 2 following the Akaike information criterion. We then
recover a set of SVAR-based shocks, each of which is a linear combination of VAR
residuals. Assume that there exists a mapping between VAR residuals v, and mutually
independent shocks ¢, with identity variance—covariance matrix E[e,¢;] = I:

v, = §Q8t,

where S is the Cholesky decomposition of & = E[v,v;] and Q is some orthonormal
matrix, that is, Q7! = Q’. Additional restrictions over Q are needed for the
identification of SVAR-based shocks ¢,. In our specification, we implement the max-
share strategy in the frequency domain. Specifically, we recover a set of SVAR-based
shocks, the identification of which is equivalent to choosing a column vector ¢ that
maximizes the contribution of the shock to the entire volatility of a variable of interest
or a combination of them over a certain frequency band in the frequency domain:

q* = arg max ¢'O(k, w, ®)q,
q

where matrix ©(k, w, @) denotes the entire volatility of the kth variable’ in data X,
over the frequency band [, @] and can be directly computed using VAR residuals.'”
We focus on the business-cycle frequencies. Therefore, following Stock and Watson
(1999), we set the frequency band to [w, w] = [27/32,27/6]. Our empirical results
consist of a set of identified SVAR-based shocks obtained by varying the targeted
variable(s) of interest together with their empirical properties, such as variance
contributions and IRFs.

3.2. The Empirical Results

This subsection presents our empirical findings. We start by demonstrating the
empirical properties of our baseline PD shock, which is identified by jointly targeting
pessimism and disagreement. The joint explanatory power of the PD shock allows
us to map it to the ambiguity shock in our theoretical model later on. We then move
on to demonstrate the interchangeability among the PD shock and his many “cousin”
shocks. We close up this subsection with a summary of our empirical results, in which
the identified PD shock is interpreted as a structural shock. However, according to
Cochrane (1994), shocks and propagation mechanisms cannot be separated. Therefore,
the identified PD shock can also be interpreted as the footprints of many other structural
shocks through a common propagation mechanism. Section 3.3 discusses to what
extent the common-propagation-multiple-shock interpretation is (in)consistent with
existing literature of business-cycle theories.

9. The choice of k may also refer to a subset of variables in data X, , in which case the targeted volatility
would be the entire volatility of all variables in the subset k.

10.  See Section I of Angeletos, Collard, and Dellas (2020) for more detailed derivations.
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FIGURE 2. Impulse response functions to The PD shock. This figure plots the impulse response
functions of all variables to the identified PD shock that jointly targets the volatility of pessimism
and disagreement. Horizontal axis: time horizon in quarters. Shaded area: 68% Highest Posterior
Density Interval (HPDI). Dashed lines: 95% HPDI.

TABLE 1. Variance contributions of the identified PD shock.

Pessimism Disagreement UNEMP Y h 1 C
Short run 67.30 58.15 42.32 42.08 38.42 42.18 23.12
(6-32 Qrts) [58.46,74.93]  [47.74,66.64]  [31.90,52.08] [32.10,50.99] [28.79,48.81] [32.30,51.55] [15.99, 31.94]
Long run 16.97 19.46 7.96 5.81 6.78 5.70 5.69
(8000 Qrts)  [4.97,37.11] [5.81,42.85] [2.34,20.43] [ 1.09,18.76] [2.09,17.42] [ 1.37,16.37] [0.91,19.02]
TFP Y/h wh/Y T R
Short run 3.34 12.03 11.11 3.84 27.12
(6-32 Qrts) [ 1.20, 7.69] [6.41,19.52] [5.25,19.84] [ 1.33,8.66] [16.40,38.14]
Long run 4.61 4.93 5.36 5.34 10.78
(80—00 Qrts) [ 0.98,15.26] [ 0.86,17.05] [ 1.46,15.21] [ 1.71,15.09] [ 3.58,23.43]

Note: Variance contributions of the identified PD shock at the short-run and long-run frequency bands. The short
run corresponds to the frequency band [w, @] = [27/32, 27r/6]. The long run corresponds to the frequency band
[w,w] = [0,27/80]. The shock is constructed by jointly targeting volatility of pessimism and disagreement at
the short-run frequency band. The 68% HPDI are reported in brackets. Disagreement is measured by the cross-
sectional dispersion of belief.

The PD Shock. 1In our baseline setup, we jointly target the volatility of pessimism
and disagreement and name the identified shock as the PD shock. We demonstrate
the empirical properties of the identified PD shock by looking at (1) the IRFs of all
macroeconomic variables to it and (2) its variance contributions to all macroeconomic
variables.

Figure 2 plots the empirical IRFs of all macroeconomic variables to the identified
PD shock and Table 1 reports the variance contributions of the identified PD shock to
all macroeconomic variables. The identified PD shock explains about 70% of volatility
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in pessimism and about 60% of volatility in disagreement over the business-cycle
frequencies. At the same time, the PD shock explains almost 40% of volatility in
unemployment, output, hours, and investment. The PD shock is able to create “realis-
tic” business cycles, where all real quantities, including unemployment, output, hours
worked, investment, and consumption positively co-move. Notably, it also gives rise
to counter-cyclical pessimism and disagreement. Over the business-cycle frequencies,
it only explains less than 4% of volatility in TFP and only about 13% of volatility in
labor productivity. It suggests that the identified PD shock cannot be mapped to either
the canonical TFP shock in the RBC model or the uncertainty shock in Bloom (2009)
and Bloom et al. (2018), where the latter gives rise to business-cycle co-movements
in real quantities primarily by endogenous variations in productivity. The mild pro-
cyclical movements in labor productivity may originate from variable factor utilization,
an issue we will address in our quantitative DSGE model. Furthermore, the identified
PD shock only explains less than 5% of volatility in inflation, which suggests that the
propagation mechanism of the PD shock is orthogonal to the NKPC. The disconnection
of the identified PD shock with either productivity or inflation opens up the possibility
of interpreting the PD shock as a non-inflationary aggregate demand shock, a certain
feature that our theoretical and quantitative DSGE models target to replicate.

Finally, though the identified PD shock explains the bulk of business-cycle
fluctuations in pessimism, disagreement, and real quantities in the short run, it has
a negligible impact in the long run: it can only explain less than 10% volatility of
macroeconomic variables are explained and less than 20% volatility in pessimism
and disagreement. A similar image emerges from the empirical IRFs: (1) the IRFs of
real quantities, including unemployment (UNEMP), output (Y), hours (h), investment
(), and consumption (C), peak at around 5 quarters and fade away quickly after
15-20 quarters; and (2) the IRFs of pessimism and disagreement are monotonically
increasing and fade away after 15-20 quarters.

Interchangeability. 'We move on to compare our PD shock with its many “cousin”
shocks, each of which targets the volatility of other real quantities: GDP, investment,
hours, unemployment, and consumption one at a time. Figure 3 reports the IRFs to the
many “cousin” shocks of the PD shock. Notably, the empirical IRFs of all variables to
each of these “cousin” shocks are indistinguishable from each other and also from those
to the PD shock. These “cousin” shocks are interchangeable with the PD shock in the
pattern of dynamic co-movements they generate. All of them generate a strong positive
co-movements across real quantities without commensurate movements in either TFP
or inflation. Additionally, similar to Angeletos, Collard, and Dellas (2020), the property
of interchangeability can be extended to the conditional time series produced by the PD
shock and its many “cousin” shocks. Table 2 reports the correlations between the time
series of various variables of interest generated by the PD shock and those generated
by its many other “cousin” shocks. The very high correlations of the conditional time
series generated by the PD shock and its many cousin shocks provide further evidence
of the interchangeability. Finally, a complementary picture of interchangeability shows
up when looking at the variance contributions of these shocks to all macroeconomic
variables (Table C.1 of Online Appendix C).
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FIGURE 3. Impulse response functions to the PD shock and its many “cousin” shocks. This
figure plots the impulse response functions of all variables to the identified PD shock and its many
“cousin” shocks. Horizontal axis: time horizon in quarters. Shaded area: 68% HPDI of the PD shock.

TABLE 2. Correlations of conditional time series.

Y shock 1 shock C shock h shock UNEMP shock
Output 0.989 0.990 0.986 0.994 0.992
Investment 0.975 0.974 0.954 0.981 0.975
Consumption 0.991 0.991 0.945 0.992 0.992
Hours worked 0.948 0.964 0.907 0.953 0.974
Unemployment 0.959 0.967 0913 0.975 0.974
Pessimism 0.769 0.838 0.708 0.920 0.902
Disagreement 0.920 0.939 0.922 0.940 0.954

Note: Each row reports the correlation between each bandpass-filtered variable as predicted by the PD shock and
that as predicted by its other “cousin” shocks.

A Summary. The empirical properties of the identified PD shock together with
the interchangeability among the PD shock and its many “cousin” shocks, to quote
Angeletos, Collard, and Dellas (2020), “form a rich set of cross-variable, static,
and dynamic restrictions”, which constitutes an “anatomy” of the business cycles
extended with characteristics of households subjective beliefs, that is, pessimism and
disagreement.

So far, we interpret the anatomy or specifically the identified PD shock as a
structural shock of the business cycles. Hence, our empirical results suggest that the
data admits a dominant shock that drives the bulk of the business-cycle fluctuations not
only for real quantities but also for pessimism and disagreement. The dominant shock
is able to generate positive co-movements across real quantities and counter-cyclical
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variations in pessimism and disagreement. Importantly, it is disconnected from either
TFP or inflation at all frequencies. In other words, macroeconomic data extended with
survey data on households’ expectations suggest the existence of a non-inflationary
aggregate demand shock that drives the bulk of the business cycles in pessimism,
disagreement, and real quantities.

3.3. Discussion

In principle, the anatomy can also be interpreted as a common propagation
mechanism of multiple structural shocks. Ilut and Saijo (2021) provides a theory of
endogenous ambiguity that potentially supports the common-propagation-multiple-
shock interpretation. Specifically, in Ilut and Saijo (2021), firms possess (Knightian)
uncertainty about their productivity. Agents learn about their productivity through
production in a way such that recessions are periods of less learning, which transforms
into a broader range of possible models of productivity. In response, ambiguity averse
agents are endogenously more pessimistic about the future outlook of the economy,
which induces counter-cyclical correlated wedges. Then the economy functions as
if there was a contractionary confidence shock, which makes the economy further
plummet even under the flexible price model. Ambiguity and ambiguity aversion
act as the internal propagation mechanism of any aggregate structural shock. And
the additional propagation features positive co-movement across real quantities and
counter-cyclical pessimism potentially without relying on NKPC as the propagation
mechanism.!! Therefore, the anatomy identified or specifically the PD shock in our
empirical analysis can potentially be the incarnation of a linear combination of
multiple aggregate shocks propagating into pessimism and real quantities through
the channel of endogenous uncertainty (or ambiguity). The set of aggregate shocks
can include aggregate productivity shock, monetary policy shock, financial shocks, or
risk shocks under the condition that the propagation through endogenous uncertainty
(or ambiguity) dominates other propagation mechanisms of the structure shock. The
disconnection from productivity can be the result of a relatively low weight on
aggregate TFP shock. Furthermore, the disconnection from inflation can be consistent
with a relatively balanced weights on supply and demand shocks.!?

However, what drives the business-cycle fluctuations in disagreement, which
refers to the cross-sectional dispersion of beliefs of DMs inside the model, remains
unaddressed in the above common-propagation-multiple-shock interpretation through
the lens of Ilut and Saijo (2021). In Ilut and Saijo (2021), there are two notions of
cross-sectional dispersion of beliefs: (1) one of the professional forecasters’ forecasts

11. In the quantitative analysis of Ilut and Saijo (2021), nominal rigidities are still needed to generate
co-movement. However, the endogenous uncertainty (or ambiguity) mechanism can easily be embedded
into a model with coordination friction as in Angeletos and La’O (2013) to ensure co-movements across
real quantities without relying on NKPC as the propagation mechanism.

12.  Online Section IV.B of Angeletos, Collard, and Dellas (2020) provides a pedagogical example of this
scenario.
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on GDP growth and inflation and (2) one of the analysts’ forecasts on firm profitability.
Neither professional forecasters nor the analysts are DMs within the model. On the
same methodological ground as Ilut and Schneider (2014), these two notions of
cross-sectional dispersion of beliefs are used as the observable counterparts of
ambiguity at the aggregate and firm level. Hence, there is no explanation in Ilut and
Saijo (2021) for the business-cycle fluctuations of disagreement across households,
who are DMs within the model. But it doesn’t mean the framework of Ilut and Saijo
(2021) is inconsistent with our empirical results. Extending their framework with
dispersed information creates a notion of disagreement as in our paper and, at the same
time, strengthens the co-movements across real quantities. To what extent, the extended
framework of Ilut and Saijo (2021) can generate counter-cyclical disagreement is
then a quantitative question since counter-cyclical learning does not imply counter-
cyclical disagreement unambiguously.'? Moreover, the interchangeability provides an
additional test of the theory or information about the development of the model. As
suggested by the above discussion, the success of Ilut and Saijo (2021) in capturing
the anatomy identified in our paper requires the propagation of endogenous uncertainty
(or ambiguity) to dominate standard propagation mechanisms of the multiple structural
shocks. Whether or not the dominance is true depends on the nature of the structural
shocks as well as what types of bells-and-whistles have been included in the model. A
serious quantitative framework is needed to verify the dominance of the endogenous
uncertainty in propagating structural shocks.

To summarize, in our paper, we interpret the anatomy or the identified PD shock
as a structural shock, which consistently maps to ambiguity shock in our theoretical
framework (Sections 4 and 5). It mainly reflects our preference in explaining the
bulk of the business-cycle fluctuations in pessimism, disagreement, and real quantities
with a minimal number of theoretical shocks. Meanwhile, we acknowledge the
potential of an alternative interpretation of the empirical results through the lens of
the theoretical framework of Ilut and Saijo (2021): the identified anatomy can also be
a linear combination of multiple structural shocks propagating through the common
endogenous uncertainty (or ambiguity) mechanism.

In what follows, we proceed to provide our theory of ambiguity-driven business
cycles (Sections 4 and 5). We then demonstrate the quantitative success of our theory
through the lens of an estimated DSGE model (Section 6) in capturing the business-
cycle fluctuations in pessimism, disagreement, and real quantities.

4. Ambiguity-Driven Business Cycles: The Static Model without Capital

In this section, we construct a static general equilibrium model in the vein of Angeletos
and La’0O (2009), which embeds three additional key features in an otherwise standard

13.  Less learning during recession, on the one hand, makes information more dispersed. On the other
hand, it also reduces the responsiveness of actions to the private information. The former contributes to more
disagreement, while the latter reduces disagreement. Whether or not disagreement increases in response to
areduction of learning depends on which one of the two forces dominate. Or put it differently, it depends on
the signal-to-noise ratio and its business-cycle fluctuations, which cannot be determined outside a serious
quantitative analysis.
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RBC framework: (a) aggregate demand externalities, (b) incomplete information about
the ambiguous aggregate state of the economy, and finally (c) the smooth model of
ambiguity together with the ambiguity shock. We first describe the setup of the model
and close up this section with a couple of remarks and interpretations of the setup.

4.1. Physical Environment, Shocks, and Information Structure

Geography, Markets, and Timing. The economy consists of a continuum of islands,
indexed by j € J = [0, 1] and a mainland. On each island j, there exists a continuum
of firms, indexed by (&, j) e Hx J =[0,1] x [0, 1] and a continuum of workers,
indexed by (&, j) e Hx J = [0, 1] x [0, 1]. Island firms and workers interact with
each other in the locally competitive labor market for the production of differentiated
island commodities indexed by j. These commodities are traded in a centralized
market, later on, operated on the mainland, inhabited by a continuum of consumers,
indexed by & € H = [0, 1] and a large number of competitive final good producers
inhabit. We assume that consumer /# and a continuum of workers {(k, j);j € J}
constitute a large household indexed by /& € H, who owns a continuum of firms
{(h, j); j € J}. Thus, we ensure the existence of a representative household on the
mainland and a continuum of representative firms and workers on every island.

There is only one period, say period ¢, which is decomposed into three stages.
At stage zero, period ¢ shocks are realized. At stage 1, island-specific competitive
labor markets open up. On each island, firms make labor demand decisions and
workers make labor supply decisions based on incomplete information about the
ambiguous aggregate state of the economy. At stage 2, on the mainland, the centralized
commodities market opens up. All uncertainty, either risk or ambiguity, is resolved.
Final good producers produce and the representative household makes consumption
decisions upon receiving all transfers from workers and firms on basis of perfect
information. In what follows, we abstract from sub-index /# without loss of generality.

Households. The representative household derives utility from the consumption of
final goods, with utility function given by
U(C,) = log(C,).

The consumption of final goods is financed by transfers from island workers and firms.
The corresponding budget constraint of the household is such that

P.C, = /JWj’tNi’tdj +/J;Hj”dj’

where P, denotes the price of final goods, [; W, ,N;,dj denotes total labor income
and finally |, ;I j’td 'j denotes the total realized firm profits.

Island Workers. Island j workers supply labor and receive labor income in the
locally competitive labor market. Their labor income is transferred to the representative
household to finance the purchase of final goods for consumption. Therefore, the utility
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value of labor income is given by (U'(C,)/ P)W;,N;, where P, is the price of final
goods normalized to 1. Workers suffer disutility from the labor supply. In the absence
of any uncertainty concern, island j workers’ objective is, therefore, given by:

1+
U/(Ct)W_ N. Jst °

Pz Jst2 st 1—}-8’

where ¢ is the inverse Frisch elasticity of labor supply.

Island Firms. Island j firms use labor only for the production of the island j
commodity. The production function is given by

1—
Yo = AN "
where A4 ; , is the island-specific productivity and the realized profit is given by
= PiYje = WiiNjy
Here W, , denotes the nominal wage onisland j in period # and P; , denotes the market
price of the island j commodity to be determined at stage 2 when the centralized
markets open up. Since it is assumed that it is the representative household that owns
the firm, any realized profits are to be transferred back to the household for the purchase

of final goods for consumption. Therefore, in the absence of any uncertainty concerns,
island j firms care about the consumer valuation of their profits given by

u'(C)

P,

I ,.

Final-Good Producers. The competitive final-good sector employs a constant
elasticity of substitution (CES) production technology:

YZZ(/JYJ',I d]) ,

where 0 is the elasticity of substitution among island commodities. It also controls
the strength of aggregate demand externalities. Therefore, the demand function for the
island j commodity is given by

P\
ot
Yji = (Tt) £
where P, = ( fJ p jl’t_gd i) 5 denotes the price of final goods that is normalized to 1.

Productivity and Ambiguity Shocks. Aggregate productivity a, = log A, follows a
normal distribution with mean w, and variance ozz

a, ~ ./\/(a)t,ag).
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Objectively, the mean of the aggregate productivity shock is zero, that is, @, = 0.
However, DMs cannot fully “understand” it. Instead, they are ambiguous about it.
Specifically, they believe that anything along the real-line can be a potential candidate
for w,. And they possess a common mean-zero'* normal prior belief about w, € R:

w, ~N(0,e‘l’t),
where ¥, measures the amount of ambiguity perceived by the DMs'> such that
Vv, =Y +1, with T, NN(O,UIZ).

Here ¥ denotes the amount of ambiguity perceived by all DMs at the ambiguous steady
state (Amb.-SS).!® And we interpret 7, as the ambiguity shock, which is normally
distributed with mean 0 and variance 2.
Island-specific productivity, a; , = log A
plus an idiosyncratic productivity shock ¢ ,:

j,¢» equals to the aggregate productivity

a;,=a + Lt

Idiosyncratic productivity shocks ¢ ; , are assumed to be i.i.d normally distributed with
mean 0 and variance o7.
Information Structure. Denote Z, 5, Z; , ,, and Z, , as the information sets that are
available to all DMs at stage O of period 7, are only available to island j DMs at stage
1 of period ¢ and are available to all DMs at stage 2 of period 7, respectively. We define
these information sets by

Il,O ={y,} Ij,t,l = It,O U {aj,t} IZ,Z = UjIj,t,l Uda iy (D

A couple of implicit assumptions are made here. First of all, information is symmetric
within each island but is asymmetric across islands. Second, the ambiguity shock T,
occurs at the beginning of each period ¢ and is common knowledge to all DMs. Third,
at stage 1 of period ¢, island j productivity a ; , is only accessible for island j DMs.
Therefore, a ; , serves as the private information of island j DMs about the aggregate
productivity a,, which is ambiguous. Thus, labor supply and demand decisions on
each island are made under incomplete information about the ambiguous aggregate
state of the economy. Fourth, 7, , contains the complete set of local information
because commodities prices would perfectly reveal the island-specific productivities.

14.  The objective model , is assumed to be inside the set of possible models of all DMs. Therefore, we
rule out any misspecification concerns and focus on ambiguity. See Peter Hansen and Marinacci (2016) for
a detailed discussion of the differences between misspecification and ambiguity.

15.  Maccheroni, Marinacci, and Ruffino (2013) propose to use the variance of the ex-ante expected utility
of a particular model to quantify the amount of ambiguity in the general information structure, which is
shown to be consistent with a quadratic approximation akin to the Arrow—Pratt approximation. Our measure
of the amount of ambiguity is consistent with theirs ordinally under the normality assumption.

16. Ambiguous steady state refers to the state into which the economy converges in the absence of any
shocks but taking into account the existence of ambiguity.
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Stage 0 Stage 1 Stage 2
Tio = {t} Titn =TioU{a;q+} T2 =VU;Zj 0 U{w}
Nature generates Island j firms and workers observe a; ¢, The household observes {a;,w; }
a; and {(1,.1,1,7 € (0,1)}. and make local labor and makes consumption decisions Cy.
Ambiguity v, is realized. supply and demand decisions. Final goods producers produce.

FIGURE 4. Timeline for period ¢ of the static model without capital.

Fifth, all uncertainty, either risk (state uncertainty about a,) or ambiguity (model
uncertainty about w,) is fully resolved at stage 2 of period 7. Hence, consumption
decisions are made under perfect information.!” Finally, for simplicity and tractability,
we consider an environment with private information only. In the Online Appendix G,
we demonstrate that the model can be easily extended with public information about
aggregate productivity without changing the qualitative predictions of the model.

We close the current sub-section by the timeline of our model in Figure 4.

4.2. Preferences and Interim Belief System

The preference of the representative household is represented by the smooth model
of ambiguity (Klibanoff, Marinacci, and Mukerji 2005).'® In addition, with ambiguity
averse preferences, Bayesian updating leads to dynamic inconsistency. To restore the
dynamic consistency across stages, we employ the smooth rule of updating proposed
by Hanany and Klibanoff (2009). Recall that at stage 2, when all uncertainty has
been resolved, the model collapses into the standard perfect information business-cycle
model. In what follows, we formulate the relevant workers’ and firms’ problems upon
carefully describing the preferences and beliefs of all DMs at stage 1 of period ¢.

Worker Problem at Stage 1. At stage 1 of period ¢, workers on island j solve the
following problem:

1+e

w U/(C ) j t ~

max E' | —XW, ,N;, — 22— " (w)do,, 2

N /R‘p jit,1 P, T T s @)dw, 2)

where N ; denotes the labor supply of island j workers and W; , denotes the nominal
wage in the island-specific competitive labor market.

Here, ¢(x) is a strictly increasing and concave function, whose curvature captures

DMs’ taste about ambiguity, namely the degree of ambiguity aversion. In addition,

o . . .. .
E j’t ,['] denotes the mathematical expectation conditioned on Z, ; under a particular

17.  The assumption that all period ¢ uncertainty is resolved at the second stage of period ¢ is to ensure
tractability. However, most of the key messages delivered in this paper do not rely on this particular
assumption about information structure.

18. The smooth model features a two-way separation between the amount of ambiguity (the
characteristics of subjective belief) and the degree of ambiguity aversion (the characteristics of DMs’
tastes).
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model o, for the mean of the aggregate productivity shock. Finally, ;wtl (w,) stands
for the posterior belief about possible models w;, that follows the extended smooth rule
of updating in the spirit of Hanany and Klibanoff (2009):

1)
N o' (B4 [U(c)) X
! w,) X a0 @)
Pt o(E [V N NI f( jd! f>ff( Do G
JAR! P, Jst st 1+e¢ Bayesian Kernel
Weights

Here f(a it |w, ) is the conditional probability density function of a ;.0 under a particular
model w,, which is the normal density with mean , and variance 0? + o2, and f,(w,)
stands for the period ¢ prior belief about w,, which is the normal density with mean
0 and variance e¥r. Relative to the standard Bayesian updating, the extended smooth
rule puts more weight on the model that provides higher marginal incentive to act ex-
ante (stage 0) from the perspective of the representative consumer as compared to its
ex-post (stage 2) counterparts from the workers’ perspective:

o o, [U(C)) N
‘/),(Et,i) [U(Ct)]) > ¢/<Et,’2 |:TWj,th,t “T1ie ]

Such a re-weighting process in posterior belief, on the one hand, aligns the incentives
to act ex-ante and ex-post, which ensures dynamic consistency across stages within a
period. On the other hand, it ensures that workers share the same belief system with
the representative consumer, which ensures the tractability of the model without loss
of any generality.

Firm Problem At Stage 1. Island j firms decide how much labor to hire by solving
the following firm problem:

U'(C,) ~
mawa(Ei;’l[ » t (Pj,th,t - Wj,th,t)]) f].{;’l(wt)dwt. 4)
t

i.j.t

Note that there are a continuum of firms on island j. Therefore, island j firms take
P, as given when making labor demand decisions. Furthermore, the posterior belief
about possible models w, of island j firms follows an extended smooth rule of updating

given by

1)
) (&)
fj,t,l(a)t) x / o, U’(CI) \f(aj’t |a)t)_/ﬂ (a)t) (5)
¢ (]EJ'J,II: P, (Pj’t Yj’t B Wi’t Nj’t)]) Bayesian Kernel
Weights

Under our extended smooth rule of updating, firms’ incentives to act align with those
of the representative consumer ex-ante. Thus, we can ensure dynamic consistency
from the perspective of the representative consumer. Namely, if we allowed the
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representative consumer to make ex-ante contingency production plans for island
firms, they would be respected ex-post by the firms. °

Finally, we assume that ¢(x) takes the constant absolute ambiguity aversion
(CAAA) form for simplicity and tractability:

ASSUMPTION 1 (CAAA). Weassume ¢(x) = —% exp (—Ax) where A > 0 measures
the degree of ambiguity aversion of all DMs.

4.3. Remarks and Interpretations

We conclude this section with two remarks and interpretations of the three key features
of our model.

(1) We assume no ambiguity about local economic conditions in the sense that firms
and workers on island j have perfect information about the productivity of island
J , while they have incomplete information about the aggregate productivity, which
is ambiguous. Therefore, if local economic decisions are made solely depending on
the expectations about local economic conditions, output or labor will not respond
to the ambiguity shocks at all. This is the reason why we need aggregate demand
externalities in the general equilibrium model.

(2) In our model, incomplete information about the ambiguous aggregate productivity
a, can be translated into incomplete information about the ambiguous aggregate
demand within a general equilibrium environment that features aggregate demand
externalities. Then, fluctuations in the amount of ambiguity, namely ambiguity
shock 7,, generate fluctuations in island j DMs’ subjective beliefs about aggregate
demand conditions, which eventually map into fluctuations in aggregate quantities.
In this sense, we can formally interpret ambiguity shock as aggregate demand
shock. Importantly, we set up our model within the RBC framework, which
can be regarded as the flexible price benchmark of the New Keynesian (NK)
model with Calvo pricing. As will be evident in the Sections 5 and 6, unlike

19. Note that we formulate the firms’ problem in such a way that the firms are ambiguity averse by
themselves. We can justify the above formulation of the firm problem by arguing that firms are maximizing
the shareholder value and use the stochastic discount factor to evaluate cash flows in different times and
states. Therefore, they behave as if they are ambiguity averse by themselves and share the same belief
with their shareholders when evaluating the marginal benefit of labor demand. The additional concavity
introduced by the ¢ function manifests the former point, and the extended smooth rule of updating takes
care of the latter. Therefore, we can alternatively formulate the firms’ problem by

JaTi gt

max [ B ISDE, (P, Y, — W, N 1T, (@)do, ©)

it
where the stochastic discount factor SDF, is given by
w U'(C)
SDF, = ¢/ (E [U(C,)]) —5—

Here, the stochastic discount factor does not only take care of the risk attitude U’(C,)/P, but also the

ambiguity attitude w’(Ef’O[U (C,)]). The two formulations (4) and (6) are isomorphic to each other.
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aggregate demand shocks in the NK framework, ambiguity shock can generate
co-movement across real quantities even under flexible price allocations. In other
words, ambiguity shock is a non-inflationary aggregate demand shock, which
generates co-movements across real quantities without relying on the NKPC as the
propagation mechanism. It is then straight-forward to anticipate that the impacts
of ambiguity shock would remain nearly unchanged in a model with nominal
rigidities, such as Calvo pricing.

5. Impacts of the Ambiguity Shock

In this section, we characterize the equilibrium of our model with a set of optimality
conditions that jointly describe the equilibrium allocations and beliefs of all relevant
DMs.?° We then demonstrate how to solve the equilibrium allocation associated with
these optimality conditions. Finally, we discuss the impacts of the ambiguity shock in
generating the empirically relevant co-movements among pessimism, disagreement,
and real quantities.

5.1. Equilibrium Characterization

We can characterize the equilibrium with a set of optimality conditions. First of all,
within the island j labor market, the optimal labor supply is governed by the following
condition

Vg =W, [ B0 @)do, o

Workers on island j equate the subjective valuation of the marginal benefit of labor
with marginal the disutility of labor at stage 1. On the other side of the labor market,
the optimal labor demand condition is given by

Wy [ B (€1 a(@)do,

Y. ~
=(1-a) NLt (/ ]E(;.)ft’l[u’(C,)Pj’,]fj’,,l(a),)da),) . (8)
Jit R

Firms on island j equate the subjective valuation of the marginal cost of labor with the
marginal benefit at stage 1. Unlike expected utility preferences, ambiguity aversion
implies that when evaluating marginal effects at stage 1 of period ¢, firms and workers
on island j employ a distorted posterior belief about the possible models:

Fraat@) oo (ELGIUC)) £ (@, 1) fy(@,): ©)
~———

Belief Distortion Bayesian Kernel

20. The market equilibrium is defined by Definition E.1 in Online Appendix E.
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It says that whenever a model w, generates a lower ex-ante (stage 0) expected utility
for the representative household, local DMs tend to regard it as the more likely one
in their distorted posteriors. Put differently, ambiguity aversion implies a pessimistic
belief about the possible models when DMs are making decisions.?!

Combing (7) and (8), the labor market equilibrium can be summarized by the
following key equation for labor:>?

g Y.
XN;,I = / ]l 1 (C ) ( ) fj,t,l(wt)dwt (1 _O‘)N;’l . (10)

Jst

marginal utility of island j commodity marginal productivity

The left hand side (LHS) is the marginal disutility of labor and the right hand side
(RHS) is the multiplication of (a) the marginal utility of the island j commodity and
(b) the marginal productivity of island labor. The key equation says, in equilibrium,
that the subjective valuation of the private benefit of labor equates the private cost of
labor at stage 1. A similar condition also shows up in Angeletos and La’O (2009) and
Angeletos, Iovino, and La’O (2016). There are two main differences between ours and
theirs. First of all, there is one additional integration of different models due to the
existence of ambiguity. Second, DMs use a distorted posterior belief due to ambiguity
aversion. As will become evident later, these two differences together allow us to build
a bridge between variations in ambiguity to confidence, which is the core mechanism
of the model.

Using the island production function Y , = A N 1=% and the market clearing
condition for final goods ¥, = C,, we can transform (10) into a fixed point condition
for allocation {Y; ,} ;¢

a1+ = [y st
Xijt = (1 _a)Aj,t E/l 1|:Y ]fjt l(wt)da)t (11)
where the distorted posterior belief f}’t,l (w,) is given by

Fia1(@) <@ (B [UXD)) f(a;,]o,) £, (). (12)

Belief Distortion Bayesian Kernel

To ensure the strategic complementarity in productions across islands, we make

the following parametric restriction for the static model without capital:*}

21. Note that the firms on island j have the same distorted posterior belief over the set of possible models
as island j workers, which is due to the extended smooth rule.

22. A detailed derivation can be found in Appendix A.

23. To see why this is the case, observe that under perfect information, (11) can be simplified into

e —1+4 n—1 fer e
XY e=( - )(1—05)/1_;‘, v

It is straightforward to show aY; ,/3Y, > 0 if and only if 1/6 — 1 > 0.
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ASSUMPTION 2 (Strategic Complementarity). It is assumed that 1/6 > 1 when there
is no capital.

An increase in the output of all other islands k # j € J, on the one hand, raises
the demand for island j commodities because households have more labor income
from all other islands. This is the so-called aggregate demand externality. However, on
the other hand, it also generates upward pressure on the wage rate of island j due to
the wealth effect of labor supply. Assumption 2 ensures that the wealth effect of labor
supply is so weak that the aggregate demand externality dominates in equilibrium.

DEFINITION 1 (Conditional  Log-Normal  Equilibrium). An  allocation
{Y;,}e5- ¥} constitutes a conditional log-normal equilibrium if Y, [y, and
Y, |y, are log-normally distributed.

The technical complication here is that in equilibrium, the distorted posterior belief
J;j,t,l (w,) is not orthogonal to allocations. They have to be solved simultaneously
in equilibrium. As a result, the equilibrium of the economy is the solution to the
double fixed point conditions: One condition solves (11) characterizing the equilibrium
cross-sectional allocation {Y it } ;e conditional on any distorted posterior belief about

possible models f},t’l(a)t) and the other solves (12) characterizing an equilibrium
distorted posterior belief about the possible models conditional on any allocation
{Y;,} ey of the economy.

The complication can be resolved by focusing on a particular type of equilibrium—
the conditional log-normal equilibrium as defined in Definition 1. On the one hand,
the conditional log-normal equilibrium embeds the standard log-normal equilibrium
or log-linearized equilibrium as a special case when there are no ambiguity shocks
while, on the other hand, it can be justified, in a self-fulfilling fashion, by Lemma
A.1 and A.2 in Appendix A. The following proposition characterizes the conditional
log-normal equilibrium.

PROPOSITION 1  (Equilibrium Characterization). There exists a unique symmetric
conditional log-normal equilibrium where the allocation {Yj Y} jey Is such that

— * (T A
yj,t :lan,t =1V +hy(W,A) + KyaA(I//t) aj,z + hy(%,)t)
—— —_— ————
Ambiguous SS Use of Private Info. Impact of Amb. Shock

and

y,=hY, = y*+hy(zp,/l) + Kyal_(lﬂt) a+ h,(¥.A)
Ambiguous SS Use of Private Info. Impact of Amb. Shock
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where y* + h (w A) denotes the output level at the ambiguous steady state; K, a W)

refers to the use of private information, which is a function of the amount of ambtgmty
Y,; and h 43 A) denotes the impact of the ambiguity shock on output, which is
a function of the amount of ambiguity V, and the degree of ambiguity aversion A,

satisfying
h,(y,2) =0.

Finally, the distorted posterior belief about the possible model w, is a normal
distribution with mean  ; , and variance o2 such that

a B PP
o= )a.: - ,
Kt %2 o2tV ) It OZZ Y o2+ eV 8ul\¥r

2 2
0,2= o; t0; oV
og—l—of—{—ewt

where the distortion in mean g, (Y, A) is given by

and

8u (Vi 1) = =iy, (¥)e". (13)
Proof.  See Appendix A. O

5.2. The Dual Impacts of Ambiguity Shock

To build up the economic intuitions behind impacts of ambiguity shocks, we
demonstrate a game-theoretic interpretation of the equilibrium of our business-cycle
model, which resembles the beauty contest in Morris and Shin (2002) and Angeletos
and Pavan (2007), but with a distorted information structure to capture the belief
distortions due to ambiguity aversion.

PROPOSITION 2. The equilibrium allocation {Y
beauty contest such that

it Yi}jey s identical to that of a

Vit = kg T K, E, l[yt]’

where the coefficients k, and k, are such that

=
—_
|
S
|
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High Ambiguity Low Ambiguity

Agg. State

FIGURE 5. Dual impacts of ambiguity shock: Main mechanism.

The information structure is distorted such that
a

i Ua ~N(0.07)
i, ~ N (8, (p 1)o7 + 1),

=a, +1

where distortion g, (Y,, A) are given by (13) and satisfies the following

08, (V1. 1) _
v,

€.V 1) 0, g,(—00,1) =0, g,(¥,.0)=0, 0.

Proof.  See Appendix A. d

As in the beauty contest, island output y;, is the linear combination of island
productivity a ; , and the island j expectation of aggregate output. The former controls
the marginal cost of production on island j and the latter manifests island j’s
forecast about its demand conditions. Here, Ky corresponds to the notion of the
coordination motive in the beauty contest literature. Its magnitude «, € (0, 1) ensures
complementarity in action and uniqueness in allocations, once we fix a distorted
information structure.

However, unlike the standard beauty contest, the perceived distribution of
aggregate productivity is distorted both in mean and variance due to ambiguity
aversion. Figure 5 plots the perceived as if distributions®* of the aggregate fundamental
for a low level of ambiguity, that is, ¥, is small, and for a high level of ambiguity,
that is, v, is large. It can be shown that with an adverse ambiguity shock, namely an
increase in v/,, DMs become more uncertain about the aggregate fundamental. At the
same time, it makes DMs more pessimistic about the aggregate fundamental. We call
these the dual impacts of ambiguity shocks.

24. These distributions are called “as if” because they are the subjective beliefs about aggregate
fundamentals that would deliver the same allocations as our baseline model when DMs have expected
utility preferences.
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5.3. Pessimism, Disagreement, and Real Quantities

With aggregate demand externality, a distorted prior belief about aggregate
productivity @, translates into a distorted prior belief about aggregate demand.
Therefore, an adverse ambiguity shock makes all DMs believe that the aggregate
demand drops and is more volatile in their priors. The former maps into lower
output, either of a particular island or at the aggregate, while the latter maps into
an increased incentive in the use of private information when making the expectation
about aggregate demand, hence when making labor demand and supply decisions. We
summarize these results in the following proposition

PROPOSITION 3. If DMs are ambiguity averse, that is, A > 0, an adverse ambiguity
shock that increases the amount of ambiguity ¥, generates lower aggregate output in
the sense that

oh, (. 1)
# < 0
oY,
Moreover, the equilibrium use of private information Kyq () is an increasing function
J
of the amount of ambiguity ,:

(14)

aKyaj(Wt)
oY,

> 0.

Proof.  See Appendix A. O

At the core of understanding (14) is the increased degree of pessimism about
aggregate demand. There are two forces at work, one fundamental and one strategic.
An adverse ambiguity shock, on the one hand, increases the amount of ambiguity
perceived by all DMs. In response, DMs behave as if they have more pessimistic
concerns about aggregate productivity. This is the fundamental or direct channel. On
the other hand, an adverse ambiguity shock induces DMs on the other islands to
use more of their private information when making output decisions, which makes
aggregate demand respond more to the ambiguous aggregate productivity. Under
aggregate demand externality, it further increases the degree of the pessimism of local
DMs. This is the strategic or indirect channel. An adverse ambiguity shock raises all
DMs’ degrees of pessimism through the fundamental and strategic channels, which
eventually drives down the output. Finally, since y; , = a;, + (1 —a)n ., it must be
the case that hours worked also drops:

dh, (¥, A) “o
Y, '

Jst?

Define the output forecasts of island j DMs and their noisy rational expectation
counterparts as follows:

Bl = [ Bl fae)do, Bl = [ BN @odo.
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The local output forecasts E j,[yt] are defined on the basis of the distorted

posterior belief about possible models f 1 (w,), while the noisy rational expectation
counterparts E [y, ] are based on the Bayes1an posteriors f;, ;(w,). By doing so, we
implicitly assume that ambiguity averse DMs would use their subjective pessimistic
beliefs to make forecasts. We then define pessimism (P) as the gap in cross-sectional
mean between local forecasts and their noisy rational expectation counterparts:

P, 2) = /J E,,[]dj - /J B, yld).

and define disagreement (D) as the cross-sectional dispersion of output forecasts across

islands:
2
D(y,) E/J(Ei,t[yt]_/J;]Ej,t[yt]dj) dj.

We can express pessimism (P) as follows:

P(y,. 1)
e / [ [ Eilal s npido, - [ E‘,‘i’,[a,m,,,l(w,>dw,}dj,

where [ 7 [z IE;D’t la,] f;t,1 (w,)dw,dj denotes the cross-sectional mean of local DMs’

beliefs about aggregate productivity and fJ Jz ]E;o’t [a,1f;1(@,)dw,dj denotes the
noisy rational expectation counterparts. When there is an adverse ambiguity shock,
all DMs, in their priors, become more pessimistic about the aggregate fundamental,
that is, |g, (¥, A)| = —g,,(¥;,A) increases. On the other hand, all DMs perceive
the aggregate fundamental to become more volatile, that is, 0§2 + eV increases. The
former increases the economy-wide pessimism. However, the latter reduces the use
of pessimistic priors. In equilibrium, the former dominates the latter, implying that
all DMs are becoming more pessimistic about aggregate productivity when making
decisions.

2

w = R (o
/J[I%Ejft[az] (fj,t,l(a)t) - fj,t,l(a)t)) dwtd] = <—§ n v, n ) |gu(lﬂt,l)|

Moreover, all DMs also understand that others all perceive the aggregate fundamental
as being more volatile. Hence, they understand that all the others would use more of
their private information when making output decisions. Therefore, they know that
aggregate output will respond more to the aggregate fundamental, that is, «, al_(w,, A)
increases. It raises output forecasts’ reliance on the pessimistic belief about aggregate
productivity, which even further increases pessimism.>

25. Inour model, island ; DMs have perfect information about their own productivity. An increase in the
amount of ambiguity depresses island j DMs’ belief about the aggregate productivity without any changes
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At the same time, we can express disagreement (D) as follows:

D(Y,) = k7, (¥,) % +e”
= K _—
t ya; vt UZZ + eV + 02

An adverse ambiguity shock makes firms and workers on all islands believe, in their
subjective priors, that the aggregate fundamental is more volatile, which increases
the incentive to use private information when forming expectations about aggregate
demand conditions. This maps into an increased responsiveness of island output y; ,
to island productivity a ; , because itis a ; , that serves as the private information about
aggregate demand for island j DMs. Hence, aggregate output y, responds more to
aggregate productivity a,. From the perspective of forecaster j, an increase in k, a
implies that “there is more to be estimated”. Moreover, when he estimates the aggregate
productivity, he tends to rely more on his private information a ; , because he believes,
in his as if subjective prior, that the aggregate fundamental is now more volatile. These
two in combination increase the responsiveness of forecaster j’s forecast to private
information a ; ,, which eventually leads to a higher cross-sectional dispersion in output
forecasts ex-ante, that is, an increase in disagreement.26

We close up this section by summarizing the impacts of the ambiguity shock in
Proposition 4: an adverse ambiguity shock can generate a recession with worsened
pessimism (P) and heightened disagreement (D).

PROPOSITION 4  (Impacts of Ambiguity Shocks). If decision-makers are ambiguity
averse, that is, A > 0, an adverse ambiguity shock that increases the amount of
ambiguity , generates

(1) higher pessimism;
(2) higher disagreement;

(3) lower aggregate output, hours worked, and consumption.

Proof.  Straightforward following Proposition 3 and the above analysis. O

6. Quantitative Analysis: The DSGE

In this section, we demonstrate the quantitative potential of our theoretical framework
through the lens of a DSGE model. We focus on a flexible price setup to capture the fact

in beliefs about their local productivities. The patterns of variations in beliefs due to the ambiguity shock
in our model are isomorphic to those of a negative confidence shock under the heterogenous prior setup a
la Angeletos, Collard, and Dellas (2018).

26. Note that the economy itself does not become more dispersed. It is the increased responsiveness to
idiosyncratic shocks that drives up the cross-sectional dispersion. This differentiates our paper from the
theory of the uncertainty shock as in Bloom (2009) and Bloom et al. (2018), which take fluctuations in
dispersion as model input rather than model output.
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that dynamic co-movements produced by the ambiguity shock, which is the theoretical
counterpart of the PD shock, are orthogonal to inflation or NKPC.?” We also introduce
a set of frictions that are otherwise standard in most DSGE models including (1) habit
formation, (2) investment adjustment cost, and (3) variable capital utilization. The habit
formation and the investment adjustment cost are to capture the hump-shape IRFs
of real quantities to the ambiguity shock and the variable capital utilization ensures
that there are mild variations in labor productivity to the ambiguity shock. The DSGE
model is estimated by matching the theoretical IRFs of the ambiguity shock with their
empirical counterparts, namely those of the identified PD shock.

6.1. Model Setup

The Household. The representative household consists of a consumer, a continuum
of island workers indexed by j € J and a continuum of island capital managers j € J.
Workers and capital managers with index j inhabit island j and interact with island
firms in locally competitive factor markets.

The representative household owns the island-specific physical capital K - At
stage 1 of period 7, capital manager j chooses the capital utilization rate u ; ,, which
transforms physical capital K ;.1 into effective capital K ; ;:

Kjp=u; K,

Effective capital K , is then rented out to island firms in locally competitive capital
markets at price R ;. The real cost of capital utilization per unit of capital is given
by E(u ;). We assume thatu ; , = 1 in the Amb.-SS and the utilization-cost function
E(u,,) satisfies that E(1) = 0 and

R
') 1§
where the parameter & € [0, 1].
The flow budget constraint of the representative household is then given by

o +/Jlj,tdj +T; = /J;Wj,th,tdj +ARj,tuj,lK/atdj

+/J/ﬂni,j,tdidj — B, )K,. (15)

where fJ R;,u j,tlz j,td j and fJ W N j,td j denote the total capital and labor income
from all islands; |, J fﬂ I1;, j,td idj are the total transfers of firm profits from all islands;
and 7; are the lump-sum taxes.

At stage 2 of period ¢, the consumer makes consumption-saving decisions, where
savings are in the form of island-specific investment. Therefore, the supply of physical

27. Alternatively, the DSGE model considered in the section can be understood as the flexible price
benchmark of the NK model with Calvo frictions.
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capital on island j in period ¢ 4+ 1 is pre-determined at stage 2 of period ¢. The
accumulation of physical capital is subject to the investment adjustment cost following
Christiano, Eichenbaum, and Evans (2005):

_ _ I
Kjppr =(0-8)K;, + Ij,,(1 —q>(1 = )) (16)
Jst—1

where ®(-) satisfies ®'(-) >0, ®”(:) >0, (1) = &'(1) =0, and D"(1) = ¢.
Specifically, we assume that ®(x) = 0.5¢(x — 1)2.

Production. For any island j € J = [0, 1], index firms by i € I = [0, 1]. The output
of firm i on island j is given by

Y, =4 N,IJ;)‘K;X”,

where A4 ; , is the island-specific product1v1ty, N; ;, is the labor demand, and K; ; , is

the demand for effective capital. The profit of firm i on island j is given by

—W; N i+ — R K;

I i,j,t°

:Pl]l i,],t

a7)

isjt
where W, , and R, are the factor prices in locally competitive factor markets.
Island j composite commodity is given by a CES aggregator of all island j firms’

output:
1 1+n
T+
()"

where 1 > 0 controls the monopoly power. For simplicity, it is assumed that = 0 so
that island firms are perfect competitive. The competitive final-good sector employs a

CES production function
2}
6—1 0—1
Yt:(/the d]) )
s

where 6 > 0 elasticity of substitution among island commodities, the inverse of which
measures the strength of aggregate demand externalities.

Productivity and Ambiguity Shocks. ~Aggregate productivity a, = log A, follows an
AR(1) process

a, = pa,_; + &,

where ¢, ~ N, 02) is the aggregate productivity shock in period ¢. Island-specific
productivity a;, = log A; ;¢ equals aggregate productivity plus an idiosyncratic
productivity shock ¢ ; ,

Ajp = T gy
The idiosyncratic productivity shock ¢; , is assumed to be i.i.d normally distributed
with mean w, and variance o 2. Objectively, the cross-sectional mean of idiosyncratic
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productivity shocks are zero for all periods, that is, w, = 0 V¢ > 0. However, DMs
possess ambiguity over the cross-sectional means of idiosyncratic productivity shocks
for all periods ¢ > 0, thatis, w, = (0, @, - - ,a),,---).28

At the beginning of period 0, all DMs have the common prior that all w, with
t > 0 are i.i.d normally distributed with mean O and variance 63,, where 63, measures
the amount of ambiguity that DMs possess in the Amb.-SS. Ambiguity in the past does
not last forever. As will become evident later, contemporaneous ambiguity is resolved
at stage 2 of the same period. Therefore, at stage O of any period ¢, DMs inside the
economy only possess ambiguity about contemporaneous and future cross-sectional
means of idiosyncratic productivity shocks, that is, @, = (@;, @, 1,** @, f,--+). It
is assumed that DMs possess a common prior about @, at stage O of period ¢ such that
@, ¢ wWith k > 0 are i.i.d normally distributed with

2
Wy y g ™~ N(O’Gw,t+k|t) Vk =0,

where 002)’ t-+k|s Measure the amount of ambiguity that DMs perceived about w, , ;. at
stage 0 of period 7.
T =2 (2 2, =2 - 2 2 2 2
Denote Y = 6,,/(0; + 0, +65)and ¥, =0, /(07 + 07 + 0, ). Wethen

assume that the log difference between W, and ¥ follows an AR(1) process:

v, = log(\I1,|,/1Z) = Pwi/f\z—l +T 7, ~ N(0,07),

where 7, is defined to be the ambiguity shock in our DSGE model. In the static model of
Section 4, the ambiguity shock is defined to be the exogenous variation in 03)’,. Observe

that {ﬂ\t is a monotone transformation of 03)’ |- Hence, exogenous variations in ¥, can
be regarded as a monotone transformation of exogenous variations in the amount of
ambiguity 002), e As will become evident later, formulating the ambiguity shock as
exogenous variations in a specific monotone transformation of %2),:| , instead of its
original form greatly simplifies the numerical solution. Such a reverse engineering

approach can also be found in Nimark (2014). 3
Denote W, 5, =05,/ (0F + 07 + 0, p,) and Yy, = 10g(Wy g,/ V).
We assume that ¥, |, is an increasing affine function of ¥,:

~ k-~
1/ft+k\z = py V-

Such a structure of prior ensures a certain notion of consistency in beliefs about all
future ambiguity w,  ;, Vk > 1.1t simply says that the period ¢ prior over future cross-
sectional means of idiosyncratic productivity shock w, ;. coincides with the period
t + k prior if Athere were no ambiguity shocks between period ¢ and ¢ + k, that is,

$t+k|t =K, [‘/ft+k]'

28. Inthe dynamic model, we assume that the ambiguity is about the cross-sectional mean of idiosyncratic
productivity shocks. It is isomorphic to the setup where DMs are ambiguous about the temporary
component of the aggregate productivity shock.
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Stage 0 Stage 1 Stage 2
Zio =T 12U {U‘i'z} Tjta=TioU{x;,} Lio = Ui U{z, G}
Nature generates Agents on island j observe ;. The consumer observes {z;,(;} and
ay and {a;; 5 € (0,1)}. Capital managers, workers and firms makes consumption decisions Cy
Ambiguity shock 7; is realized. make local factors utilization, and saves in the form of {1{'}_#1 }j:l
All agents observe 7; or Dy supply and demand decisions. Final goods producers produce.

FIGURE 6. Timeline for period ¢ of the DSGE model.

The ambiguity shock t, can be understood as a changing prior process. Moreover,
we implicitly assume that an adverse ambiguity shock in period ¢, that is, some 7, > 0,
makes DMs become more ambiguous about not only the contemporaneous cross-
sectional mean of idiosyncratic productivity shock w, but also those of the entire
future, that is, o, Tk with k > 1. However, it is period ¢ biased in the sense that
it raises the perceived ambiguity contemporaneously more than those in the future.
Finally, the increase in ambiguity is mean-reverting such that for ambiguity w, , ; in
the very far future k — 400, the subjective belief stays in its Amb.-SS belief, that is,

. - _ . 2 _ =2
11mk—>+oo 1pt—%—klt =0or hmk—>+oo Uw,t-i-k\p =04-

Information Structure. Denote the information sets (1) that are available to all DMs
at stage O of period 7, (2) that are only available to island j DMs at stage 1 of period
1, and (3) that are available to all DMs at stage 2 of period t as Z, 5, Z, , 1, and Z, ,,
respectively. Recursively, we can define these information sets by

L,o=2Z,_1,V W} Z,,,=L,oVla;,} TI,,=UT;, Ulw}.

Note that all contemporaneous uncertainty, either risk (state uncertainty over a,) or
ambiguity (model uncertainty over w,) is resolved at stage 2 of period f. Hence,
consumption-saving decisions are made on the basis of complete information about
future cross-sectional means of idiosyncratic shocks. Moreover, {a j,t} jey contains
the same information about island j productivity in period 7 + 1 as [ ya;,dj does
since idiosyncratic productivity shocks ¢ ; , are 1.i.d. Therefore, we can simplify the
information set at stage 2 of period 1 by Z, , = 7, , U { /; ya;.dj, o, }. To facilitate the
notation, we further transform the information structure into

It,O =T, _12 YUY Ij,t,l = II,O U {xj,t} It,z = It,O U {Zt’ é't} )

where x;, =, +¢;, and z, = {, + w, denote the de-facto private information at
stage 1 and public information at stage 2 about the aggregate productivity shock ¢,
respectively. Figure 6 displays the timeline and information sets for period ¢ in our
dynamic model.

Preferences. Denotes, ,, =7, ,\Z, , as the new information received by DMs at
stage 2 between two consecutive periods ¢ and ¢ + 1. We summarize the belief of the
consumer at stage 2 by two corresponding Bayesian posteriors: (1) 7 (s, |It,2, ®,),
the Bayesian posterior of s, , | at stage 2 of period ¢ under a particular model ,, and
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(2) (@, |Z, ,), the Bayesian posterior of possible model @, € M, where M denotes
the entire set of possible models.

The preference of the consumer at stage 2 of period ¢ is represented by the recursive
smooth model of ambiguity proposed by Klibanoff, Marinacci, and Mukerji (2009):

Vt(It,Z) =u(C, - bét—l)

+ B! /M§0 / Vit @i oo siqa) A (si441Zs 50 0,) | din (@12, ) |-

+1

Utility Equivalence of the Ambiguous Continuation Value

where @(+) is some strictly increasing and concave function, whose curvature captures
DMs’ taste for ambiguity, namely the degree of ambiguity aversion.” The additional
concavity in ¢(-) captures the fact that an ambiguous continuation value reduces the
utility of the DM because the ambiguity averse consumer dislikes the mean-preserving
spread in the expected continuation value due to ambiguity.

Denote the value function as J, = J({I?j,t},at_l,zt, ¢,.¥,). We then have the
following Bellman equation for the consumer problem at stage 2:

— _ wr
Cr={l,f.r+1 R

(18)

subject to the budget constraint (15) and the physical capital accumulation
equation (16). We assume that the consumer has external habit: b € (0, 1) controls
for the degree of habit persistence, and C,_, denotes the aggregate consumption.

Note that Ez’;'[-] stands for the mathematical expectation conditioned on I,,z
under a particular model w,,; for the cross-sectional mean of the idiosyncratic
productivity shock tomorrow. And f, (@, , ;) stands for the probability density function
for the period ¢ prior of w, ;, that is, the cross-sectional mean of the idiosyncratic
productivity shock in period ¢ + 1. Since period ¢ knowledge does not reveal any
information about w, , |, the prior belief about w, , | at stage 2 of period ¢ coincides
with that at stage 0.

29. Klibanoff, Marinacci, and Mukerji (2009) prove that if ¢! is Lipschitz and the space of ambiguous
model parameters is finite, the recursive smooth model of ambiguity will converge uniformly to the
expected utility preferences with true model parameters. In our model, DMs are ambiguous over an infinite
parameter space Q = {o, : YVt > 0}. This prevents the ambiguity from vanishing in the long run through
learning.
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At stage 1 of period ¢, the worker problem is given by (2) with the worker’s
posterior belief about possible models f ', 1 (w,) given by:

1)
y o' (Erols,))
fj,t,l(wt) X U C bC N]Jré f(aj tlwt)fz(wt)
o ([, ) e
st 1 P, 1+e¢ Bayesian Kernel
Weights

Similarly, the firm problem is formulated in a similar fashion as the static model
without capital:

t U/(Ct - bEz)
Ki.jl‘?tlivxi,” /Q, % E]t 1 T it f (a)t)da)t,

where II; ;, is given by (17) and firms’ posterior belief about possible models

J;jftl (w,) is such that:

¢’ E;o’ [Jt]
( 0 ) S o) fr(w,).
gl,,(ﬂzw, [Mu,ﬂ})ﬁﬁ

Jit.1 P, Bayesian Kernel

f1(@)

Weights

Finally, the capital manager seeks to maximize the consumer valuation of the proceeds
from managing physical capital and the manager problem is such that

U'(c, —bC,) »
Iz?ax/R (Ejtl 1|:tTtR/t /tK - "‘(”Jt)K }) fiih(@)dao,,

J.t

where capital manager’s posterior belief about possible models Nf{”l (w,) is such that:

¢/(Et6[‘lt]) f(xj,t|wt)f,(a)t)'

FEm () o
Jiia(@) (o, [Urc,-bC,)
10 Ej,t,l ——t R/t jtK —u(ujt)K ~

t Bayesian Kernel

Weights

Note that the worker’s, the firm’s, and the manager’s posterior beliefs all follow
the extended smooth rule of updating to ensure dynamic consistency from the
consumer’s perspective. Furthermore, our formulation ensures that the stochastic
discount factor that the households use to evaluate factor payments is given by
o', - bét)/Pt)<p’(]E:j{)[J,]), which does not only take care of households’ risk

attitude U’(C, — bC,)/ P, but also their ambiguity attitude ¢’ (E:{)[Jt]).

$20z aunp || uo Jesn Buoy| BuoH Jo AlsisAlun asauly) Aq L09/82/2/2 1L LIS/Zz/e1Pnie/easl/woo dnoolwepese//:sdiy woll papeojumod



Pei Pessimism, Disagreement, and Economic Fluctuations 1211

Market Clearing and GDP. The market clearing conditions for labor and effective
capital are such that

N;, = /HNi’j,tdi u;, K;, = /HKl-,j,tdi.
The resource constraint is such that
Y, =C, + /J 1;,dj +G, + /J E(u; K, dj,
where G, denotes public spending, which is exogenously determined as a time-varying
fraction of output
G, = g¥,.
And finally, GDP is defined to be’

0,=C¢, +/Jlj,tdj + G,.

To close up the description of the model, we make the following functional form
assumption:

ASSUMPTION 3 (Log-Exponential). We assume log utility and CAAA:

1
u(C,) =InC,, p(x) = — 3 XP (=Ax) with A > 0.

In Online Appendix F.1, we list out the set of optimality conditions. The
quantitative methodology, which is closely related to what we have done in Section 5.1,
is discussed in Online Appendix F.2. The detailed step-by-step guidance about the
solution method can be found in Online Appendix F.3. Finally, we analyze the accuracy
of our solution method in Online Appendix F.4.

6.2. Calibration and Estimation

Table 3 summarizes the estimated parameters used in our baseline model. There are
three sets of parameters. The first set of parameters is calibrated following a standard
DSGE exercise. Specifically, to stay close to the existing DSGE literature, we choose
the discount factor B to be 0.99; the Frisch elasticity of labor supply to be 2; the
capital share in production to be 0.3, the depreciation rate of capital to be 0.015, and
finally, and the share of government expenditure in output to be 0.2. The persistence

30. Without variable utilization, Q, and Y, are identical. With variable utilization, the gap between the
two would be the real cost of variable utilization | 7 E(uj. z)E,‘, ,dj. Following Justiniano, Primiceri, and
Tambalotti (2010) and Angeletos, Collard, and Dellas (2018), when we bring our DSGE model to the data,
we map Q, to output in the data.
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TABLE 3. Model parameters.

Parameters Role Value

Calibrated parameter

B Discount factor 0.99

& Frisch elasticity of labor supply (inverse) 0.5

o Capital share 0.3

) Depreciation rate 0.015

4 Share of government expenditure 0.2

0 Persistence of aggregate productivity shock 0.89

1000 . Standard deviation of aggregate productivity 0.34

IOOUr Standard deviation of ambiguity shock 0.93
Estimated parameters (matching IRFs)

o, Standard deviation of idiosyncratic productivity shock 0.1414

0 Degree of aggregate demand externality (inverse) 0.1750

A Degree of ambiguity aversion 11.04

W Amount of ambiguity at Amb.-SS 0.8215

b Parameter of habit formation 0.9315

[ Parameter of investment adjustment cost 0.6605

& Parameter of variable capital utilization 0.4106

0 Persistence of ambiguity shock 0.7988

<

and standard deviation of the aggregate productivity shock are inferred from Fernald
(2014): p = 0.95 and 1000, = 0.568. Finally, the standard deviation of the ambiguity
shock is set to 1000, = 0.93, which equals the standard deviation of the PD shock
identified in the empirical VAR exercise of Section 3.

The second set of parameters, including the standard deviation of the idiosyncratic
productivity shock (o,), the inverse degree of aggregate demand externality (6), the
degree of ambiguity aversion (A), the amount of ambiguity at the Amb.-SS W),
parameters that control the habit formation (b), the investment adjustment cost (¢)
and the variable capital utilization (£), and finally the persistence of the ambiguity
shock (p,,), are estimated by matching the theoretical IRFs with their empirical
counterparts in a similar fashion as Christiano, Eichenbaum, and Evans (2005) and
Altig et al. (2011). Specifically, these parameters are chosen to minimize the distance
between theoretical IRFs of output, consumption, hours, investment, pessimism, and
disagreement to the ambiguity shock and their empirical counterparts, namely the
empirical IRFs of the above variables to the identified PD shock. We include the first
20 moments weighted by the precisions of the empirical moments. Our estimation
strategy can be justified by the fact that ambiguity shock in our theoretical framework is
the only shock that generates simultaneous variations in pessimism and disagreement.
Therefore, if there is a shock that explains the maximal volatility in both pessimism
and disagreement, which is how we identify the PD shock, it must be the ambiguity
shock.

Figure 7 demonstrates the matching between the IRFs to the theoretical ambiguity
shock and those to the empirical PD shock. The estimated parameters succeed
in capturing the dynamic co-movements among pessimism, disagreement, and real
quantities, including the hump-shaped response in real quantities as well as counter-
cyclical movements in pessimism and disagreement. In a standard log-linearized
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FIGURE 7. IRFs to the theoretical ambiguity shock and to the empirical PD shock. This
figure plots the impulse response functions of output, consumption, hours, investment, pessimism,
and uncertainty to the theoretical ambiguity shock (red solid line with dots for baseline estimation
with A = 11.04 and blue dashed line with dots for A = 7.73) and the empirical PD shock (black solid
line). Horizontal axis: time horizon in quarters. Shaded area: 68% HPDI for the empirical IRFs of
the PD shock. Gray dashed lines: 95% HPDI for the empirical IRFs of the PD Shock.

DSGE model, the standard deviation of a shock is independent of policy rules and has
no impact on the shape of IRFs. However, with information frictions, this is never the
case. In our baseline, the estimated standard deviation of idiosyncratic productivity
shock is 0.1414. It is very close to that of Straub and Ulbricht (2018), which is
calibrated to be broadly consistent with empirical estimates using plant-level data.
Furthermore, notice that the persistence of the ambiguity shock is 0.7988, at which
the half-life of the ambiguity shock is close to that of the aggregate demand shock
identified in Blanchard and Quah (1989). Moreover, the estimated degree of ambiguity
aversion is 11.04. It is very close to that calibrated in Collard et al. (2018), which is
shown to be consistent with asset pricing evidence.

Note that in the empirical IRFs to the PD shock, pessimism and disagreement are
measured using data on households’ forecasts on the unemployment rate. However,
in our DSGE model, there is no comparable notion of the unemployment rate since
the labor market is frictionless, whereas, in our theoretical IRFs, we use quarter-
ahead output forecasts as the theoretical counterparts. Such a choice is without loss
of generality since unemployment and output are highly correlated within the business
cycles and hence are also their forecasts.

6.3. Ambiguity Shock as Non-Inflationary Aggregate Demand Shock
The success of our DSGE model in matching empirical IRFs to PD shock hinges upon

the fact that the ambiguity shock in our theory acts as a non-inflationary aggregate
demand shock, which drives the positive co-movements across real quantities without
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FIGURE 8. Propagation mechanism of the ambiguity shock: IRFs. This figure plots the impulse
response functions of output, consumption, hours, investment, pessimism, and uncertainty to
theoretical ambiguity shock by shutting down “bells-and-whistles” of DSGE model. Blue solid
line: benchmark estimation with A = 11.04. Red dashed line: lower degree of ambiguity aversion
A = 7.73. Horizontal axis: time horizon in quarters.

relying on the NKPC as the propagation mechanism. To demonstrate such an empirical
property of the ambiguity shock, we momentarily shut down all “bells and whistles” of
our DSGE model, including habit formation, investment adjustment cost, and variable
capital utilization by setting b = ¢ = 0 and & = 1. Figure 8 reports the IRFs of key
macro statistics to an expansionary ambiguity shock, that is, a shock that decreases
the amount of ambiguity perceived by all DMs of the economy. An expansionary
ambiguity shock generates simultaneous booms in real quantities, that is, output,
consumption, hours, and investment, while, at the same time, decreases the labor
productivity and the labor wedge.!

The driving force of dynamic co-movements behind the above IRFs is the
fluctuations in the degree of pessimism and the existence of incomplete information.
The former generates variations in agents’ expectation about the outlook of the
economy. And the latter breaks the Barro—King critique by moving labor choices
prior the common knowledge of aggregate productivity as in Ilut and Saijo (2021) and
Angeletos and Lian (2021), which is the primary reason why there are co-movements
across real quantities. Additionally, the fluctuations in the degree of pessimism is
mostly about the short-run outlook of the economy instead of the long-run. It limits the
strength of wealth effect making substitution effect dominates in equilibrium, which
contributes the co-movements across real quantities. Specifically, an expansionary

31. See Angeletos, Collard, and Dellas (2018) for a detailed discussion in the construction of the labor
wedge.
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Labor Prod. Labor Wedge

FIGURE 9. IRFs of labor productivity and labor wedge. This figure plots the impulse response
functions of labor productivity and labor wedge to the theoretical ambiguity shock (red solid line
with dots) and the empirical PD shock (black solid line). Horizontal axis: time horizon in quarters.
Shaded area: 68% HPDI for the empirical IRFs of the PD shock. Dashed lines: 95% HPDI for the
empirical IRFs of the PD shock.

ambiguity shock, by construction, weakens the degree of pessimism of all DMs
about the cross-sectional mean of idiosyncratic productivity shocks not only for today
but also for the future. From the firm perspective, such an increased pessimism
means a cheerful expectation about aggregate demand. In response, firms expand their
demand for labor and capital, generating upward pressures on factor prices. From the
household perspective, it then implies an increase in expected permanent income,
making consumption goes up. At the same time, the household also understands
that the upward pressures on factor prices only last in the short run, which restricts
the strength of the wealth effect. Therefore, hours and investment also increase in
equilibrium, since the relevant substitution effect dominates the opposing wealth effect.

The way in which the ambiguity shock creates aggregate dynamic co-movements
resembles the aggregate demand shock in the NK literature, but without relying on
the NKPC as the propagation mechanism. Unlike aggregate demand shocks in the NK
framework, ambiguity shock can generate co-movement across real quantities even
under flexible price allocations, which is consistent with the interpretation of the non-
inflationary aggregate demand shock. The propagation mechanism of the ambiguity
shock is akin to those of the confidence shocks in Angeletos, Collard, and Dellas
(2018), Huo and Takayama (2015), and Ilut and Saijo (2021). Whereas, ambiguity also
creates counter-cyclical movements in both pessimism and disagreement, a pattern that
is consistent with survey data evidence.

The IRFs of the full DSGE model reported in Figure 7 are nothing more than
the twisted version of IRFs in Figure 8. Habit formation and investment adjustment
costs create hump-shaped responses of output, consumption, hours, and investment.
Furthermore, variable capital utilization mitigates the dynamic responsiveness of hours
to the ambiguity shock relative to that of output by creating a mild pro-cyclical
movement in labor productivity. Finally, these “bells-and-whistles” also generate the
empirically relevant IRFs of the labor wedge both in terms of counter-cyclicality and
U-shaped dynamic responses (Figure 9).
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Role of Ambiguity Aversion. Ambiguity aversion is crucial for the propagation
mechanism of the ambiguity shock. If agents are ambiguity neutral A = 0, there
would be no pessimistic belief about the outlook of the economy. As a consequence,
the ambiguity shock creates no fluctuations in pessimism, which results in zero
variations in real quantities. Unlike pessimism and real quantities, the way how the
ambiguity shock maps into fluctuations in disagreement is unaffected by the degree of
ambiguity aversion. A natural question then arises. To what extent does the estimated
degree of ambiguity aversion matter for the quantitative results of our model? To
answer this question, we compare the model implications of our baseline estimation
with those of a lower degree of ambiguity aversion. Specifically, we consider an
alternative model, in which the degree of ambiguity aversion equals 70% of that
under the baseline estimation: A = 11.05 x 0.7 = 7.73. According to equations (F.1)
and (F.2) of Online Appendix F.2, a reduction in the degree of ambiguity aversion A
results in a reduced degree of pessimism about contemporaneous and future cross-
sectional mean of idiosyncratic productivity shock, that is, & je1lw,] and E,,z[w, 1l
which eventually maps into reduced responses of pessimism and real quantities to the
ambiguity shock. Moreover, because the use of private information is unaffected by the
amount of ambiguity as suggested by Proposition 14 or equation (F.1), the response
of disagreement to the ambiguity shock is unaffected by a lower degree of ambiguity
aversion. The way how the reduction in the degree of ambiguity aversion affects the
dynamic co-movement patterns or IRFs of the ambiguity shock is robust with respect
to the existence of the “bells-and-whistles” of DSGE model (Figure 7 for the full
DSGE and Figure 8 for the RBC). Similar image arises when we look at the business-
cycle moments by comparing Column II and Column IIT of Table 4: a lower degree
of ambiguity aversion results in lower volatilities in pessimism and real quantities and
has zero impact on the volatility of disagreement.

6.4. Business-Cycle Moments

Table 4 summarizes the business-cycle moments of real quantities in the US data
throughout 1985Q1-2017Q4 (Column I) and our estimated DSGE model (Column II).
The empirical fit of our estimated DSGE model is satisfactory. It captures the fact that
real quantities co-move positively with each other at the business-cycle frequencies.
In addition, our estimated DSGE model can account for the bulk of business-cycle
volatilities in real quantities, including output (88%), consumption (40%), hours
(55%), investment (64%), labor productivity (78%), and labor wedge (41%). Besides,
estimated DSGE model succeeds in generating a weak correlation between output (g)
and labor productivity (y/h) and between hours (%) and labor productivity (y/h).
Our estimated DSGE model tends to over-predict the correlations of output and hours
with labor productivity. However, the data counterparts of the two correlations are
not stable over time. If we extend the aggregate time series for real quantities from
1985:1-2017:1V to 1955:1-2017:1V, the correlations of output and hours with labor
productivity are 0.47 and 0.11, respectively, which are very close to the predictions of
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TABLE 4. Business-cycle moments.

Data (1985:1-2017:1V) Baseline Lower A
Standard deviations
o (q) 0.93 0.82 (87.9%) 0.68 (72.8%)
o (¢) 0.72 0.29 (39.9%) 0.21 (29.3%)
o (n) 1.41 0.78 (54.9%) 0.65 (45.6%)
o (i) 4.10 2.60 (63.7%) 2.09 (51.2%)
o(y/n) 0.73 0.57 (77.8%) 0.50 (68.6%)
o (A") 1.94 0.79 (40.9%) 0.67 (34.5%)
o (P) 0.45 0.29 (65.4%) 0.20 (44.5%)
o (D) 0.32 0.11 (35.4%) 0.11 (35.5%)
Correlations
p(c.q) 0.88 0.88 0.84
p(n,q) 0.86 0.85 0.81
p(.q) 0.97 0.99 0.99
p(c.n) 0.82 0.85 0.89
p(c.i) 0.82 0.82 0.79
p(.n) 0.88 0.83 0.79
p(q.P) —0.44 —0.55 —045
p(q, D) —0.71 —0.55 —0.45
Correlation with productivity
o(q.y/n) 0.04 0.63 0.65
pn,y/n) —0.45 0.17 0.13
Correlation with labor wedge
plg.A) —0.79 —0.54 —0.43
plc. An) —0.84 —0.70 —0.61
on.A) —0.98 —0.89 —0.87
o, A —0.80 —0.48 —0.38

Note: The first column reports the relevant business-cycle moments for US data from 1985:I to 2017:1V. The
second column reports the relevant business-cycle moments of our DSGE model under baseline estimation
(A = 11.04). The third column reports the relevant business-cycle moments of our DSGE model with a lower
degree of ambiguity aversion (A = 7.73). All moments are band-pass filtered at frequencies of 6-32 quarters. The
number in the brackets after standard deviation in the baseline model provides information about what percentage
of volatility in the data that can be explained by our baseline model.

our estimated DSGE model. The success of our DSGE model in matching the business-
cycle moments hinges upon the fact that it can generate the empirically relevant
counter-cyclical variations in labor wedge (A,), that is, negative correlations with
other real quantities, including output, consumption, hours, and investment. Moreover,
our DSGE model can also generate the empirically plausible business-cycle moments
in both pessimism (P) and disagreement (D). Our estimated DSGE model captures
65% volatility of pessimism and 35% volatility in disagreement. Also, it successfully
captures the counter-cyclicality of both pessimism and disagreement over the business-
cycle frequencies.

6.5. Ambiguity Shock as the Dominant Shock of Business Cycles

Reproducing Interchangeability. To what extent can the ambiguity shock serve as the
dominant shock of business cycles within our estimated DSGE model? Or equivalently,
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FIGURE 11. Data and counterfactual economy (only the ambiguity shock). Black dashed line:
cyclical components pessimism, disagreement, real quantities, and labor wedge of the data from
1985:1 to 2017:IV. Red solid line: cyclical components of pessimism, disagreement, real quantities,
and labor wedge of the simulated counterfactual economy with only ambiguity shock from 1985:1 to
2017:1V. All time series are band-pass filtered at frequencies 6—32 quarters.

to what extent can our estimated DSGE model reproduce the type of interchangeability
that is identified in our empirical analysis? To answer these questions, we simulate our
estimated DSGE model for N = 1, 000 times with random initial conditions. In each
of the simulation, we generate an artificial dataset that mimics the empirical dataset
used in our empirical analysis. Specifically, each artificial dataset consists of 6 artificial
time-series of the same length as in the data (132 quarters from 1985:1 to 2017:1V),
including output, consumption, hours, investment, pessimism, and disagreement. We
randomize the initial conditions by simulating 232 observations and dropping the first
100. For each of the 1,000 artificial datasets, we then re-run our empirical amalysis32
and use the same identification strategy to identify the artificial PD shock and its
many “cousin” shocks. Our model is able to reproduce the interchangeability as
depicted by Figure 10. Furthermore, these IRFs are also indistinguishable from those
to the theoretical ambiguity shock (Figure D.1 of Online Appendix D) or those to the
empirical PD shock (Figure D.2 of Online Appendix D). It then suggests that, at the
background of such interchangeability, it is the ambiguity shock acting as the dominant

32.  When we apply our empirical strategy to artificial data, we run a smaller VAR consists of output,
consumption, hours, investment, pessimism, and disagreement only. In addition, to improve the efficiency
of the exercise, these VARs are estimated by the classical inference instead of the Bayesian inference.
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FIGURE 10. IRFs to the artificial PD shock and its many “cousin” shocks, the DSGE model. This
figure plots the impulse response functions of all variables to the simulated PD shock and its many
“cousin” shocks of our DSGE model. To generate these IRFs, we simulate our estimated DSGE model
for 1,000 times. In each of the simulation, we generate an artificial dataset with the same length as the
data consisting of output, consumption, hours, investment, pessimism, and disagreement. We then re-
run our empirical analysis for each of the 1,000 artificial datasets and report the mean of the relevant
IRFs in this figure. Horizontal axis: time horizon in quarters. Shaded area: 68% HPDI of the artificial
PD shock.

shock in driving fluctuations in pessimism, disagreement, and real quantities.*® Finally,
the interchangeability extends to variance contributions of the artificial PD shock
and its many “cousin” shocks (Table D.1 of Online Appendix D), which further
demonstrates that the ambiguity shock serves as the dominant shock in driving the
business cycles of pessimism, disagreement, and real quantities.

Historical Variance Contributions. To what extent does the ambiguity shock alone
explain business-cycle fluctuations in pessimism, disagreement, and real quantities
historically? To answer this question, we construct a counterfactual economy where
there are only ambiguity shocks in our estimated DSGE model. We simulate the
economy from 1985:I to 2017:IV. To start the simulation, we set consumption ¢,, and
investment io in 1984:1V to their data counterparts, that is, the cyclical components of
tpe two after applying a band-pass filter at frequencies 6—32 quarters. Physical capital

k, is set equal to 820 and TFP in 1984:1V is assumed to be at the steady-state level,
4, = 0.3 Then, we feed our estimated DSGE model with a time series of the ambiguity

33. The indistinguishability between the artificial PD shock and the theoretical ambiguity shock in terms
of IRFs also justifies our interpretation of the empirical PD shock as an structural shock instead of the
footprints of multiple structural shocks through a common propagation mechanism.

34. The simulated counterfactual economy is robust to the choice of ]El and a, = 0.
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TABLE 5. The comparison between data and counterfactual economy (1985:1-2017:1V).

Output  Consumption Hours Investment Pessimism Disagreement Labor wedge

86% 48% 59% 59% 78% 42% 42%
0.79 0.70 0.84 0.78 0.81 0.81 0.81

UX,(‘F/UX‘DATA
corr(X ., X

DATA)

Note: The first row reports the standard deviations of real quantities, pessimism, and uncertainty in the
counterfactual economy relative to those in the data. The second row reports the correlation between the simulated
time series of the counterfactual economy and the actual time series of the data. All time series are band-pass
filtered at frequencies of 6-32 quarters. The counterfactual economy features the ambiguity shock only.

shock that equals the empirically estimated time series of the PD shock from 1985:1 to
2017:IV. It is assumed that from 1985:1 onward the counterfactual economy features
no variations in TFP, that is, the realized TFP shocks are always 0. To simulate the
counterfactual economy, what remains to be specified is the amount of ambiguity in
1984:1V @0. We calibrate it to perfectly match the cyclical component of pessimism
at 1985:1 in our simulated counterfactual economy.

Figure 11 compares the simulated time series for pessimism, disagreement, and
real quantities in the counterfactual economy with their data counterparts. The bulk
of the business-cycle variations in real quantities, pessimism, and disagreement can
be explained by the ambiguity shock alone. Table 5 reports the standard deviations of
pessimism, disagreement, and real quantities in the counterfactual economy relative
to those in the data (Row 1). Between 1985:1 and 2017:1V, ambiguity shock alone
can explain 86% of the variations in output, 48% of the variations in consumption,
59% of the variations in hours, 59% of the variations in investment, 78% of the
variations in pessimism, 42% of the variations in disagreement, and finally 42% of
the variations in labor wedge. Row 2 of Table 5 further reports the correlation between
the simulated time series of the counterfactual economy and the actual time series
of the data. These correlations are about 0.80 except for 0.70 for consumption. It
suggests that the ambiguity shock in our DSGE model can be regarded as the dominant
shock or propagation mechanism for the business-cycle fluctuations in pessimism,
disagreement, and real quantities.

7. Conclusion

This paper provides empirical evidence that the data admits a dominant shock that
accounts for the bulk of fluctuations not only in real quantities but also in certain
characteristics of households’ subjective beliefs: the degree of pessimism relative to
the rational expectations benchmark (pessimism) and the cross-sectional dispersion of
beliefs (disagreement). The empirical evidence also suggests that the dominant shock
is in the form of a non-inflationary aggregate demand shock given the fact that it is
disconnected from either TFP or inflation at all frequencies.
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We develop a theory of ambiguity-driven business cycles, where the ambiguity
shock can generate positive co-movements across real quantities under the RBC
framework without relying on the NKPC as the propagation mechanism. At the same
time, the ambiguity shock can generate counter-cyclical pessimism and disagreement.
Through the lens of an estimated DSGE model featuring flexible prices and a
rich set of “bells-and-whistles”, our theory reproduces the salient features of the
macroeconomic data extended with data on households’ expectations. Quantitatively,
the ambiguity shock alone accounts for a significant fraction of the business-cycle
volatility in pessimism, disagreement, and real quantities. It serves as the dominant
non-inflationary aggregate demand shock that drives the bulk of the business-cycle
fluctuations in pessimism, disagreement, and real quantities.

Appendix: Derivations and Proofs

Derivation of Equation (10)

The first order condition for the island j workers’ problem is such that

1| m? t Jot
/Rﬁﬂ (E_/fz,1|: P, Wj,th,z —X—l Te

v
N

w
t
B

Wj,t - Xth] f~1utl (w;)dw, = 0.

Plugging in the expression for }’f’t’l(wt) given by (3), we arrive at (7) where the
distorted posterior belief about possible models can be given by (9). Similar procedures
lead to (8). Then in the last step, combining (7) and (8) 1 (10). O

LEMMA A.1. The distorted posterior belief f;‘,z,l(wz) is Gaussian if allocation
{Y; .} ess Y;} constitutes a conditional Log-Normal equilibrium.

Proof. Under conditional log-normal equilibrium, we have that
Yo=Y Hth, tr,,a,+h,W),

n., =n*+ ﬁn + Kpa @ + h,(y,),

o1 1 5
Ve = /Jyj,td.] + > (1 - 5) dy,jv

where d,, ; = K%a,lotz denotes the cross-sectional dispersion of island outputs. We
ignore d y,; In the approximation without loss of generality since it is of second-order
impacts at the aggregate level and have no impact at all on the cyclical behavior of
various dispersion measures.
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Define § = es*+ﬁs for any variable of interest S, which denotes the level of
variable S at the Amb.-SS. It is then straight-forward to show that

UY,)) =y*+h, +3,.

Further define stage 0 ex-ante expected utility under a particular model w, as J, () =
E:?O[U(Y,)], which is given by

jz (w,) = Const, + Kya, V,)w,.

The expression of J_t (w,) implies that the belief distortion in (12) is of exponential
quadratic form. Therefore, the posterior belief about possible models f;, ;(w,) is

normal. With a bit algebra, it can be shown that fj,tal(a),) is a normal density with
the mean 1t ; , and the variance o7 given by

ewt O—§2+0—12
Rie =\ o gz r ot |9 T\ 5202 1 0¥ g, (Y, ) (A1)

é—i—atz—i—e‘l’t ag—l—af—l-e‘”t
and
o2 + g2
o =5 | " (A2)
of o7+ eV
where the distortion in mean is g, (¥,, 4) = —Ak,, (w,)e‘/’t. O
J

LEMMA A2. Allocation {{Y; (a; ;. ¥,)} ey, Y,(a,, ¥,)} constitutes a conditional

log-normal equilibrium if distorted posterior belief over possible models f;-’,,l(a),)
is Gaussian.

Proof. Directly follows Angeletos and La’O (2009). d

Proof of Proposition 1
Suppose that the conditional log-normal equilibrium is such that:
Vig SIY; =y b 2) + kg (W)ag, + by (9, 2)
v, =InY, =y* +h,(y, 1) + Kya (V)a; + hy (¥, ),

where we ignore the dispersion adjustment of aggregate output in the approximation
without loss of generality since they are of second-order impacts at the aggregate and
have no impacts at all on the various dispersion measures. Then at D-SS, we have the
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following:
1+e¢
ln()() + (m) y* = 111(1 —Ol).

While, at Amb.-SS, the impacts of the ambiguity shock at Amb.-SS denoted by h y
must satisfy the following:

I1+e¢) - 1 _
()= (i) mesn

where H, (¥, 1) denotes the degree of pessimism of island j; DMs’ concerning
aggregate output y, at the Amb.-SS.% Under the proposed conditional log-normal
equilibrium, it is given by

a; =0y,=v¢

J.t

Hy (. 3) = Ky () ( / E‘,‘-’j,,l[a,]ﬂ,,,l(wt)dw,)

Following (A.1), we have that

Hy@. ) = Ky (D) | 5o | £, ),

of + o2 +ev

where k- (¥) denotes the use of private information at the Amb.-SS.
J
In the next step, we log-linearize (11) around the Amb.-SS:

1+¢ 1+1 R 1+¢
— p— . = —_— a -
l -« 0 Vit l—a) /!

" (% - 1) (f B 1 [9] Fr (@)do, - Hy(xz,m) .

Matching coefficients lead to the two following equilibrium conditions
1+4+¢ 1+¢ 1 o2
N g WNoar . (A3
(1 Ol) ya (1//[) ( Ol) (0 ) o.§2 + GLZ + eV Kyaj (%) (A3)

14+¢ 1 _
(1_ )h (w,,x)—(g—l) (Hy )~ H,T.0). (A

35. To understand why this is the case, recall that the Amb.-SS refers to the state into which the economy
converges (a) in the absence of any shocks, that is, a;, =0, but (b) taking into account the existence of

ambiguity, that is, evaluating [, IE_H/-)A’['I [a t] f/ .

H, (¥) from the perspective of distorted subjective beliefs of all DMs. At Amb.-SS, the amount of
ambiguity ¥ plays a non-trivial role in the sense that the subjective belief about aggregate productivity
is distorted in the mean. Such a mean distortion must be respected when we evaluate the Amb.-SS, leading
to a non-zero term H (1}) Similar arguments can be found in Ilut and Schneider (2014) and Ilut and Saijo
(2021) in the context of “worst case” belief due to multiple prior preferences.

(o, )dw aty, = ¥ # —oo. Alternatively, we can interpret
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To arrive at these equilibrium conditions, we use the fact that, under the proposed
policy rules, the following is true

/ it l[yt]fjt 1 (@)do,

o? ~ _
B [1 B (W)} Kya, W)aj, + Hy (. A) — Hy (¢, 2),

where H,,(,, A) being given by

2

Hy(%,l) = Kyaj(%) ( 2

_— JA). A5
a§+0L2+e‘/’r)g“(w’ ) (A-5)

In what follows, we first demonstrate that there exists a unique Amb.-SS. Upon
establishing the uniqueness of Amb.-SS, we then move on to prove that for any
given amount of ambiguity v, there exists a unique k,, (), which stands for the

J

use of private information. Finally, the existence and uniqueness of ﬁy would be
straightforward given all the results we have established, which completes the whole
proof.

Amb.-SS can be characterized by the following equations:

l1+e) . l1+e¢ ') e o}
k, = —=- _
l—a) Y% l—« 0 “ya, U§+02+€W
l+e¢) - 1 ) o? 7
ho=—(>—1 % g, e?
(l—a) Y (9 )Ky“ ( §+62+e‘/’) o

0 =Ky -

Ky

The existence and uniqueness of the pair (i h ,) can be directly proved.

ya;’
After proving the uniqueness of Amb. SS we proceed to prove that the use

of private information Kya, () is unique. The use of private information «,,, is
determined by (A.3). Denote the gap between LHS and RHS of (A.3) as f (Ky a’ wt)

such that

l+e 1+e ! o
o B R Y I .
f(/cyaj,lﬂ,) (1 —a)Ky“./ (1 —a) + (9 ) (og + 02 +e‘/’r)Kya/

(A.6)
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It is then straightforward to show that the unique solution to f'(k, aj) =0is
(1) |
(=) +(g—1) ((Wfﬁ)
Finally, in the last step of the proof, it is straightforward to demonstrate the

existence and uniqueness for h , from (A.4) given the existence and uniqueness for
Amb.-SS and k,,, . O
J

K =
ya;

Proof of Proposition 2

It directly follows the comparison between Proof of Proposition 1 and the solution for
the beauty contest identified in the proposition. The comparative static analysis of g,
can be proved by showing that « ; is increasing in ,. O

Proof of Proposition 3

It can be shown that (A.6) has the following properties regarding its partial derivatives
evaluated at the equilibrium, that is, f(x ), ;¥,) = 0:
J

8f(Kyaj; wt)
J
0f (y 1 V1)
Yy, f(Kyajél/f,)=0 <0

which are all straightforward following the fact that 1/6 — 1 > 0. Therefore, «, aj(wt)
is increasing in V.

Furthermore, it can be shown that «;, is increasing in ¥, since it is increasing
n Ky a, which is an increasing function of v,. Moreover, note that we can transform

(A.5) into

2

g
H _ v,
y(wtﬂk) — _Kyaj(Wt) (g? n O’LLZ n ew_[) e AKJQ)‘

It is then straightforward to show that H,, (1, A) must be decreasing in /,. Combined
with (A.4), we can prove that h y (¥, A) is decreasing in ¥,. O
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